Section 4.1
Angles and Radian Measure

Ever Feel Like You’re Just Going in Circles?

You’'re riding on a Ferris wheel and wonder how fast you are traveling. Before
you got on the ride, the operator told you that the wheel completes two full
revolutions every minute and that your seat is 25 feet from the center of the wheel.
You just rode on the merry-go-round, which made 2.5 complete revolutions per
minute. Your wooden horse was 20 feet from the center, but your friend, riding
beside you was only 15 feet from the center. Were you and your friend traveling at
the same rate?

In this section, we study both angular speed and linear speed and solve problems
similar to those just stated.

Objective #1: Recognize and use the vocabulary of angles.

v/ Solved Problem #1 \u Pencil Problem #15°
la. True or false: When an angle is in standard position, | 1a. True or false: When an angle is in standard
its initial side is along the positive y-axis. position, its vertex lies in quadrant I.

False; When an angle is in standard position, its
initial side is along the positive x-axis.

1b. Fill in the blank to make a true statement: If the 1b. Fill in the blank to make a true statement: A
terminal side of an angle in standard position lies on negative angle is generated by a
the x-axis or the y-axis, the angle is called a/an rotation.
angle.

Such an angle is called a quadrantal angle.

Objective #2: Use degree measure.

v/ Solved Problem #2 \a Pencil Problem #25°
2. Fill in the blank to make a true statement: An angle 2. Fill in the blank to make a true statement: An angle
. 1 . . 1 .
that is formed by 5 of a complete rotation that is formed by 7 of a complete rotation

measures degrees and is called a/an measures degrees and is called a/an
angle. angle.

Such an angle measures 180 degrees and is called a
straight angle.
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Objective #3: Use radian measure.

v/ Solved Problem #3 \ Pencil Problem #3/

3. A central angle, 6, in a circle of radius 12 feet 3. A central angle, 6, in a circle of radius 10 inches
intercepts an arc of length 42 feet. What is the radian intercepts an arc of length 40 inches. What is the
measure of &? radian measure of 6?

The radian measure of the central angle, 6, is the
length of the intercepted arc, s, divided by the radius
of the circle, r: €= i. In this case, s = 42 feet and
r
r =12 feet.
_s_ M2 fedt

roo12 fest

The radian measure of @is 3.5.
Objective #4: Convert between degrees and radians.
V/ Solved Problem #4 \ Pencil Problem #4/
4a. Convert 60° to radians. 4a. Convert 135° to radians. Express your answer as a

To convert from degrees to radians, multiply by

M. Then simplify.

multiple of 7.

180°
607 - 7 radians _ 607 radians _ 7 o dians
180/ 180
4b. Convert —300° to radians. 4b. Convert —225° to radians. Express your answer as
i i a multiple of 7.
_300/. 7 radians __ 3007 radians _ Sz radians
1807 180 3

166
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4c.

T .
Convert — radians to degrees.

To convert from radians to degrees, multiply by
180°

———————. Then simplify.
7 radians
% Tadtinas . 180 180° _ e

"X Tatians 4

T .
4c. Convert — radians to degrees.

4d. Convert 6 radians to degrees.

180° 1080°
6 radi . = =~ 343.8°
radfans 7 tadians V4

4d. Convert 2 radians to degrees. Round to two
decimal places.

Objective #5: Draw ang

les in standard position.

Sa.

‘/ Solved Problem #5

Draw the angle 6= —% in standard position.

Since the angle is negative, it is obtained by a
clockwise rotation. Express the angle as a fractional
part of 2.

:1-27z
8

]

4] 4
7. 1 Lo

The angle 6= 7 1s 3 of a full rotation in the

clockwise direction.

|
N

\ Pencil Problem #5/

Sa. Draw the angle 6 = —%[ in standard position.
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3z . -
Sb. Draw the angle o = e in standard position.
Since the angle is positive, it is obtained by a
counterclockwise rotation. Express the angle as a
fractional part of 2.
373

Z_Zorx
48

The angle o = 3 is 3 of a full rotation in the

counterclockwise direction.

H
3
4

I

Sb. Draw the angle o = 7?” in standard position.

1
Sc. Draw the angle y = % in standard position.

Since the angle is positive, it is obtained by a
counterclockwise rotation. Express the angle as a

fractional part of 2.

13_71-:22”

4 8
13

1
The angle y = 1B is — or 12 full rotation in the

counterclockwise direction. Complete one full

. 5 .
rotation and then g of a full rotation.

-]

0T
4

X

168

1
Sc. Draw the angle y= % in standard position.
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Objective #6: Find coterminal angles.

6a.

‘/ Solved Problem #6

Find a positive angle less than 360° that is
coterminal with a 400° angle.

Since 400° is greater than 360°, we subtract 360°.
400° - 360° = 40°

A 40° angle is positive, less than 360°, and
coterminal with a 400° angle.

\ Pencil Problem #6/

6a. Find a positive angle less than 360° that is
coterminal with a 395° angle.

6b.

Find a positive angle less than 2x that is coterminal

with a _Z angle.
15

Since —% is negative, we add 2.

T n 307 29x&
—— 2=t —=—
15 15 15 15

2
A %ﬂ angle is positive, less than 27, and

coterminal with a —% angle.

6b. Find a positive angle less than 27 that is coterminal

with a - angle.
50
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6c¢.

Find a positive angle less than 2x that is coterminal

with a 177” angle.

. 177 .
Since EN is greater than 47, we subtract two

multiples of 2.

177 177

Ur ., Vr 1z 2z _5x
3 3

3 3 3

A 5?” angle is positive, less than 27, and coterminal

with a 177” angle.

6¢. Find a positive angle less than 27 that is coterminal

with a —% angle.

Objective #7: Find the length of a circular arc.

170

l/ Solved Problem #7

A circle has a radius of 6 inches. Find the length of
the arc intercepted by a central angle of 45°. Express
arc length in terms of ©. Then round your answer to
two decimal places.

We begin by converting 45° to radians.

45 7/ 7t radians _ 457 radians _r radians
180/ 180 4

Now we use the arc length formula s = r@ with the

radius » = 6 inches and the angle 6= % radians.

s=rf=(6 in.)(§j26—” i

n.= 3—7[ in. = 4.71 in.
4 2

\ Pencil Problem #7/

7. A circle has a radius of 8 feet. Find the length of the
arc intercepted by a central angle of 225°. Express
arc length in terms of ©t. Then round your answer to
two decimal places.
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Objective #8: Use linear and angular speed to describe motion on a circular path.

V/ Solved Problem #3 \u Pencil Problem #85”
A 45-rpm record has an angular speed of 8. A Ferris wheel has a radius of 25 feet. The wheel is
45 revolutions per minute. Find the linear speed, in rotating at two revolutions per minute. Find the
inches per minute, at the point where the needle is linear speed, in feet per minute, of a seat on this
1.5 inches from the record’s center. Ferris wheel.

We are given the angular speed in revolutions per
minute: @= 45 revolutions per minute. We must
express @in radians per minute.

o ¥ revolutions 27 radians

1 minute 1 ion

_ 907 radians or 907z
1 minute 1 minute

Now we use the formula v = ra.

90z 1357z in.
1 min min

v=row=1.5in.- = 424 in./min
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Answers for Pencil Problems (Textbook Exercise references in parentheses):

1la. False 1b. clockwise
2. 90; right

3. 4radians (4.1 #7)

4a. %T” radians (4.1 #15) 4b. —%” radians (4.1 #19) 4dc. 90° (4.1#21)
4d. 114.59° (4.1 #35)

y y y
L5 Tm s H
EN 0 167
Y1 3 L 3
A x L x I\ X
5w &
5a. L4 (4.1 #47) 5b. (4.1 #41) Sc. (4.1 #49)

6a. 35° (4.1#57) 6b. 959—0” (4.1 #67) 6. 117” (4.1 #69)

7. 10mft=31.421t (4.1#73)

8. 1007 ft/min = 314 ft/min (4.1 #98)
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Section 4.2
Trigonometric Functions: The Unit Circle

Could you repeat that?

There are many repetitive patterns in nature. Tides cycle through a pattern of low and high
tides in a very predictable manner. The number of hours of daylight on a given day varies
throughout the year, but the pattern throughout the year repeats itself year after year.

In this section, we define the trigonometric functions using movement around a unit circle. In
doing so, we can see that the values of the trigonometric functions repeat themselves each time
we make a complete trip around the circle. The repetitive properties of the trigonometric
functions make them useful for modeling cyclic phenomena.

Objective #1: Use a unit circle to define trigonometric functions of real numbers.

/ Solved Problem #1 \a Pencil Problem #15°
1. Use the figure to find the values of the 1. Use the figure to find the values of the
trigonometric functions at ¢. trigonometric functions at ¢.
" y
V3o
P=(2_' 5 |-,

e t

The point on the circle has coordinates (%, %J

(continued on next page)
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and y =% in the definitions.

sint = —l
Y 2
N
COSt=x=——
2
1
ani=to2 _L_ 133 43
x 3 3 BB 3
2
csct:—:l:2
y 1
2
ooyl 12 2 V3 23
x B B BB B
2
V3
2
1
2

Objective #2: Recognize the domain and range of sine and cosine functions.

v Solved Problem #2 \ Pencil Problem #2/
2. True or false: The range of the cosine functionis all | 2. True or false: There is a real number ¢ in the domain
real numbers, (—oo, o), so there is a real number 7 in ) ) ) ] \/E
the domain of the cosine function for which of the sine function for which sinz = —T-
cost =10.

False; the range of cosine is [-1, 1] and 10 is not in
this interval, so there is no real number ¢ in the
domain of the cosine function for which cosz =10.
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. . ) ) . /3
Objective #3: Find exact values of the trigonometric functions at —.

v/ Solved Problem #3 \ Pencil Problem #3/

3. Find sin% and sec%. 3. Find csc% and tanZ.

The point P on the unit circle that corresponds to ¢ = 2

has coordinates (%,%] We use x = % and

2 . L .
y= - in the definitions of sine and secant.

7 V2
sin—=y=——
4 2
V4 1 2
SeC—:—:—:—:\/E
TN R
2

Objective #4: Use even and odd trigonometric functions.
V/ Solved Problem #4 \a Pencil Problem #45”

4a. Given that sec%=\/§, find sec(—%).

4a. Given that coszzﬁ, find cos[—gj.
6 2 6

Since secant is an even function, sec(—f) =sect.

SCC[—E) = SeCZ = \/5
4 4

4b. Given that sin%=%, find sin(—%} 4b. Given that tans?”=—\/§, find tan(—s?ﬂ-)-

Since sine is an odd function, sin(—t)=—sint.

) ( 71'] .z 2
sin| = |=-sinZr=——=

4 2
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Objective #5: Recognize and use fundamental identities.

l/ Solved Problem #5

Sa. Given sint = % and cost = TS, find the value of

each of the four remaining trigonometric functions.

Find tant using a quotient identity.

2
sint 3 2 3 2 45 25
tant = = —t— = — — = —
cost ﬁ 305 545 5
3

Use reciprocal identities to find the remaining three
function values.

csct=—=L=é
sint 2 2
3
eer=l oL _3 35 35
cost 5 5 5 5
3
cotr=— L5
tant 2 2
J5

\ Pencil Problem #5/

S5a. Given sint = é and cost = &, find the value of

each of the four remaining trigonometric functions.

Sb. Given that sint = % and 0<r< g , find the value

of cost using a trigonometric identity.

Use the Pythagorean identity sin® 7 +cos” ¢t =1.

Because 0 <t < 5 cost 1is positive.

12
(—] +coslt=1
2

1
—+cos?t=1
4
coszt=1—l=E
4 4
3 43
cost=,|—=—
4 2

176

5b. Given that sint = g and 0<r< g, find the value

of cost using a trigonometric identity.

Copyright © 2014 Pearson Education Inc.



Section 4.2

Objective #6: Use periodic properties.

v Solved Problem #6 \ Pencil Problem #6/

6a. Find the value of Cot%. 6a. Find the value of tan%_

The period of cotangent is /& cot(t + ) = cott.

Y4 T V.4
cot—=cot| —+m|=cot—=1
4 4 4

6b. Find the value of cos(—%j. 6b. Find the value of sin (—%Tﬂj

The cosine function is even: cos(—t) = cost.

The period of cosine is 27z cos(t + 27) = cost.

o o b4 T N2
cos| ——— |=cos— =cos| —+ 27 |=cos—=——
4 4 4 4 2

Objective #7: Evaluate trigonometric functions with a calculator.

v/ Solved Problem #7 \ Pencil Problem #71/>
7a. Use a calculator to find the value of sin% to four 7a. Use a calculator to find the value of cos£ to four
decimal places. decimal places.

Use radian mode.

On a scientific calculator, enter 7 = 4 , and then
press = and the SIN key.

On a graphing calculator, press the SIN key, and
then enter 77 + 4, and press ENTER.

The display, rounded to four places, should be
0.7071.
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7b. Use a calculator to find the value of csc1.5 to four
decimal places.

Use radian mode.

On a scientific calculator, enter 1.5, and then press
the SIN key followed by the reciprocal key labeled

1/x.

On a graphing calculator, open a set of parentheses,
press the SIN key, and then enter 1.5. Close the
parentheses, press the reciprocal key labeled X,
and press ENTER. The display, rounded to four
places, should be 1.0025.

7b. Use a calculator to find the value of sec 1 to four
decimal places.

Answers for Pencil Problems (Textbook Exercise references in parentheses):

15

1. sintzi, costz—E, tantz—i, csctzﬂ, sect=—£, cott=—— (4.2 #1)
1 17 15 8 15 8

2. false
3. csc% =2; tan% =1 (4.2 Check Point #3)

B

da. = (42#195) b, V3 (4.2#23p)

5a. tant:%, csct =3, sectz%, cott =242 (4.2 #27)

V2

6a. 1 (4.2#43) 6b. 5 (4.2 #41)
7a. 09511 (4.2#67) 7Tb. 1.8508 (4.2 #66)

5b. (4.2 #29)

i
7
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Section 4.3
Right Triangle Trigonometry

Measuring Up, Way Up

Did you ever wonder how you could measure the height of a building or a tree?
How can you find the distance across a lake or some other body of water?

In this section, we show how to model such situations using a right triangle and
then using relationships among the lengths its sides and the measures of its angles
to find distances that are otherwise difficult to measure. These relationships lead to
a second approach to the trigonometric functions.

Objective #1: Use right triangles to evaluate trigonometric functions.

v Solved Problem #1 \ Pencil Problem #1 /

la. Find the value of each of the six trigonometric

1a. Find the value of each of the six trigonometric
functions of @in the figure.

functions of fin the figure.

b B
c
a=3
9
0
A b=4 ¢
. 0 n

We first need to find c, the length of the hypotenuse. A C
We use the Pythagorean Theorem. 12

A =a>+b*=3*+4>=9+16=25
c=«/§=5

We apply the right triangle definitions of the six
trigonometric functions. Note that the side labeled
a =3 is opposite angle &and the side labeled b = 4
is adjacent to angle 6.

Gin @ = opposite _ 3
hypotenuse 5
cosf = adjacent _ 4
hypotenuse 5
tan 6 = opP051te _ 3
adjacent 4
cscf= hypoter%use _ 5
opposite 3
sec = hypf)tenuse _ 5
adjacent 4
cotf = adjace.nt _ 4
opposite 3
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1b. Find the value of each of the six trigonometric

functions of @in the figure. Express each value in
simplified form.

We first need to find b.
a’+b*=¢?
1> +p* =5
1+b* =25
b* =24

b=+24=2J6

We apply the right triangle definitions of the six
trigonometric functions.

Gin 6 = opposite =l

hypotenuse 5

adjacent 26

cosf= =
hypotenuse 5

opposite 1

1
adjacent  2./6 B 2J6
cscf= hypoteguse _ 5 _

opposite 1
hypotenuse 5 5 ﬁ 5J6
J6

adjacent

o

tan @ =

Ve
N

W

sec@ =

26 246

ad]ace.nt _ 2.6 ~2J6
opposite 1

cot@=

1b. Find the value of each of the six trigonometric

functions of @in the figure. Express each value in
simplified form.

B

29
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Section 4.3

Objective #2: Find function values for 30° (76[), 45° (Zj, and 60° (73[)

l/ Solved Problem #2

2a. Use the right triangle to find csc45°.

Use the definition of the cosecant function.

hypotenuse ﬁ -

csc45° = -
opposite 1

\ Pencil Problem #2/>

2a. Use the right triangle in Solved Problem #2a to find
sec45°.

2b. Use the right triangle to find tan 60°.

60° =

1

Use the definition of the tangent function and the

angle marked 60° in the triangle.

opposite ﬁ -3

tan 60° = —;
adjacent 1

2b. Use the right triangle in Solved Problem #2b to find
cos30°.

Objective #3: Use equal cofunctions of complements.

‘/ Solved Problem #3

3a. Find a cofunction with the same value as sin46°.

sin46° = cos(90° — 46°) = cos44°

\ Pencil Problem #3/

3a. Find a cofunction with the same value as sin 7°.
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. . . T
3b. Find a cofunction with the same value as cotE.

T T T br & hY/4
cot—=tan| ———|=tan| ——— | =tan| —
12 2 12 12 12 12

. . . T
3b. Find a cofunction with the same value as tang.

Objective #4: Use right triangle trigonometry to solve applied problems.

l/ Solved Problem #4

4. The distance across a lake, a, is unknown. To find
this distance, a surveyor took the measurements
shown in the figure. What is the distance across the
lake?

a

240
750 yd C

A

We know the measurements of one angle and the leg
adjacent to the angle. We need to know the length of
the side opposite the known angle. We use the
tangent function.
fan24° = 2
750
a =750tan24°

a=333.9

The distance across the lake is approximately 333.9
yards.

\ Pencil Problem #4//>

4. To find the distance across a lake, a surveyor took
the measurements shown in the figure. Use the
measurements to determine how far it is across the
lake. Round to the nearest yard.

Answers for Pencil Problems (Textbook Exercise references in parentheses):

1a. sinﬁzg, cosf=—, tanﬁzé, csc¢9:§, secﬁzé, cott9:i (4.3 #1)
5 5 4 3
1b. sin49=2—, cosl9=2, tan¢9=§, cs06=£, sec¢9=§, cot45’=2 (4.3 #3)
29 29 21 20 21 20
2a. 2 (4.3#11) 2b. V3 (4.3 #9)
3a. tan0=g, cscd =3, secé’=3f, cot@=22 (4.3 #19) 3b. @ (4.3 #21)

4a. cos83° (4.3 #31)
5a. 0.6420 (4.3#41)

4b. cotz—g (4.3 #35)
5b. 37321 (4.3 #47)

182

6. 529yd (4.3#73)
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Trigonometric Functions of Any Angle

Covering All the Angles

We’ve already considered two ways of defining the six trigonometric functions. In the
previous section, we defined the functions for acute angles of a right triangle. In this section,
we extend the definitions of the trigonometric functions to include all angles.

Using this approach, even more patterns in the function values become apparent. These
patterns allow us to evaluate the trigonometric functions more efficiently.

Objective #1: Use the definitions of the trigonometric functions of any angle.

/ Solved Problem #1 \u Pencil Problem #15”°
la. Let P = (1, —3) be a point on the terminal side of 6. | 1a. Let P = (=2, —5) be a point on the terminal side of é.
Find each of the six trigonometric functions of 6. Find each of the six trigonometric functions of 6.

We are given that x = 1 and y = —3. We need the
value of r.

r=ya? +y? =12 +(=3) =149 =410

Now we use the definitions of the trigonometric
functions of any angle.

y -3 _ -3 410 310

Sing:—: = . = —

roJ10 WJio Vio 10

x_ 11 Yo Vo
cosf=—= = : =

r 10 10 v10 10
tan49=l=_—3=—3

x

r 10 410
cscl=—=—=———

y =3 3
sec0=£=ﬂ=\/ﬁ

X 1
cot9=£=—=—l

y = 3
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1b.

Evaluate, if possible: csc180°.

The terminal side of & = 180° is on the negative
x-axis. We select the point (—1, 0) on the terminal
side of the angle, which is 1 unit from the origin, so
x=-1,y=0,and r=1.

cscﬁzizX
y

csc180° is undefined.

1b. Evaluate, if possible: tan:%”.

Objective #2: Use the signs of the trigonometric functions.

2a.

‘/ Solved Problem #2

If sin@ < 0 and cos @ < 0, name the quadrant in
which @lies.

When sin@ < 0, @lies in quadrant III or IV. When
cos @< 0, Alies in quadrant II or ITI. When both
conditions are met, & must lie in quadrant III.

\ Pencil Problem #2/>

2a. If tan@ < 0 and cos@ <0, name the quadrant in
which @lies.

2b.

184

Given that tan8= —% and cos@< 0, find sin@

and secé.
Because both the tangent and cosine are negative,
Olies in quadrant II, where x is negative and y is

positive.

tan¢9=—l=l=i
3 x 3

So,x=-3and y=1. Find r.

r=A22 )2 =32 +12 =9+ 1 =410

Now use the definitions of the trigonometric

functions of any angle.
y 1 1 1o _ J10

sinf=-—= = . =
r 410 <10 +10 10
V10 V10
secf=—=—-=———
x -3 3

2b. Given that tan @ = —% and sin@> 0, find cosé

and csc@.
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Objective #3: Find reference angles.

v Solved Problem #3 \ Pencil Problem #3/

3a. Find the reference angle for 8= 210°. 3a. Find the reference angle for 8= 160°.

The angle lies in quadrant III. The reference angle is
6" =210°-180° = 30°.

7
3b. Find the reference angle for €= T” 3b. Find the reference angle for 6= 5?7[

The angle lies in quadrant IV. The reference angle is
g ong 1T ST Tr_ T
4 4 4 4

3c. Find the reference angle for 8= —240°. 3c. Find the reference angle for 8= —-335°.

The angle lies in quadrant II. The positive acute
angle formed by the terminal side of &and the x-axis
is 60°. The reference angle is 8" = 60°.

3d. Find the reference angle for 8= 665°. 3d. Find the reference angle for 8= 565°.

Subtract 360° to find a positive coterminal angle less
than 360°: 665° — 360° = 305°.

The angle or=305° lies in quadrant IV. The
reference angle is
o’ =360°—305° =55°.
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3e. Find the reference angle for 8= —HTE.

Add 4rto find a positive coterminal angle less than

117 11z 127 =&
2m ——+dr=——t—=—.
3 3 3 3

The angle o = % lies in quadrant I. The reference

.., T
angle is « :§.

3e. Find the reference angle for 6= —I}Tﬂ.

Objective #4: Use reference angles to evaluate trigonometric functions.

v/ Solved Problem #4 \a Pencil Problem #45”
4a. Use a reference angle to find the exact value of 4a. Use a reference angle to find the exact value of
sin300°. c0s225°.

A 300° angle lies in quadrant IV, where the sine
function is negative. The reference angle is
6" =360°—300° = 60°.

sin 300° = —sin 60° = _g

4b. Use a reference angle to find the exact value of

kY4
tan—.
4

A %[ angle lies in quadrant III, where the tangent

function is positive. The reference angle is
, St Sk Ar &
O=—-1=—"—-—=—.
4 4 4 4

S5 T
tan— = +tan—=1
4 4

4b. Use a reference angle to find the exact value of

. V3
sin—.
3
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4c.

Use a reference angle to find the exact value of
V4
sec| —— |.
( 6)

V4 L
A 3 angle lies in quadrant IV, where the secant
function is positive. Furthermore, a 3 angle
T . .
forms an acute of 3 with the x-axis. The reference

angle is 6’ = %

4c. Use a reference angle to find the exact value of

tan(_g).

4d.

Use a reference angle to find the exact value of
177

COS———.

Subtract 27zto find a positive coterminal angle less

than 2 17?”—27r=17—”—12—”=5—”.

6 6 6

S o .
A o angle lies in quadrant II, where the cosine
function is negative. The reference angle is

0/:7[——_ —_ =

4d. Use a reference angle to find the exact value of

197
cot—.
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1a.
1b.

2a.

3a.

4a.

188

Answers for Pencil Problems (Textbook Exercise references in parentheses):

529 229 5 V29 V29 2

sinf=———- cosf=-— 29, tanfd=—, cscd=———, secd=——— cotO@=— (4.4#7)
29 29 2 5 2 5

>

undefined (4.4 #13)

313 J13

quadrant IT (4.4 #21) 2b. c0s9=—T, csct9=T (4.4 #29)

20° (4.4#35) 3b. % (4.4#43) 3c. 25° (4.4#47) 3d. 25° (4.4#51) 3e. % (4.4 #57)
¥ i

(44#61) db. == (44#67) de. -1 (44475) dd. V3 (4.4#79)
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Section 4.5
Graphs of Sine and Cosine Functions

The Grarh That Looks Like a Rollercoaster

In this section, we study the graphs of the sine and cosine functions. The ups and downs of
the graphs may remind you of a rollercoaster. The graphs rise to peaks at maximum points
then plunge to minimum points where they promptly change direction and rise again.

However, unlike a rollercoaster ride, the ups and downs of these graphs go on forever. The
shapes of these graphs and their repetitive properties make it even more obvious why
trigonometric functions are used to model cyclic behavior.

Objective #1: Understand the graph of y =sinx.

V/ Solved Problem #1 \u Pencil Problem #15°
1. True or false: The graph of y =sinx is symmetric 1. True or false: The graph of y = sin x has no gaps or
with respect to the y-axis. holes and extends indefinitely in both directions.
False; the sine function is an odd function and is
symmetric with respect to the origin but not the
y-axis.
Objective #2: Graph variations of y =sin x.
v/ Solved Problem #2 \a Pencil Problem #25°
2a. Determine the amplitude and the period of 2a. Determine the amplitude and the period of

1
y= 25in5x. Then graph the function for

0<x<8r

. ! .
Comparing y = 2s1n5x to y=Asin Bx, we see

that A=2and B = %

Amplitude: |A| = |2| =2
Period: E = 2—” =4r
B

1
2

The amplitude tells us that the maximum value of
the function is 2 and the minimum value is —2. The
period tells us that the graph completes one cycle
between 0 and 4 7.

(continued on next page)
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Divide the period by 4: %r = 7. The x-values of the

five key points are x, =0, x,=0+7=r,
X, =rw+r=2r, x,=2r+7x=3x, and
x; =37+ =4rx. Now find the value of y for each

of these x-values.
(1 .
y=2s1n[5-0j=251n0=2-0=0:(0, 0)
1 T

=2sin| —-x |=2sin—=2-1=2:(x, 2
y (2 ) 2 (7, 2)
y=25in(%-2ﬂ')=25in7r=2-0=0:(27[, 0)
y:2sin[%-37r):2sin37”:2(—1):—2:(37r, -2)
y:25in(%-4ﬂ):2sin27r:2~0202(47[, 0)

Notice the pattern: x-intercept, maximum,
x-intercept, minimum, x-intercept. Plot these points
and connect them with a smooth curve. Extend the
graph one period to the right in order to graph from

0<x<8rm
Y (7, 2)
=Y 1]
o IA: 1y |(477’ »
0.0) 55
-2 X
21,0 Vv
o
T&D 3w, —=2)
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2b. Determine the amplitude, period, and phase shift of | 2b. Determine the amplitude, period, and phase shift of
y =3sin(2x— ). Then graph one period of the

y=3sin| 2x r . Then graph one period of the .
3 function.

function.

Comparing y = 3sin(2x—§j to
y=Asin(Bx—C), we see that A =3, B=2, and

c=Z
3
Amplitude: |A|=[3]=3
27
2

Period: 2—” =
B

l\)|m\.§|

Phase shift: c_ rl_z
B 3 6

N | =

The amplitude tells us that the maximum value of
the function is 3 and the minimum value is —3. The
period tells us that each cycle is of length 7. The

phase shift tells us that a cycle starts at z
Divide the period by 4: % The x-values of the five

. V4
key points are x, = rE

_z m_2m Mt 5%

6 4 12 12 12°

o SEL E_5m dn 8 2%

12 4 12 12 12 3
2. ©# 8n 3r 1lx

X, =—+—=—+—=——, an
304 12 12 12

Uz z_lz 37 4z _7x

X = —. Now find
12 4 12 12 12 6

the value of y for each of these x-values.

X,

b}

y:3sin 25—”—£ :3Sin£:3: 5_”’ 3
12 2 12

y:3sin[2-2—”—£j:3sin7z=0:(2—”, 0)
3 3 3

y =3sin 2 T _36n 3T - 3. M, 3
2 3 > 5

(continued on next page)
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Notice the pattern: x-intercept, maximum,
x-intercept, minimum, x-intercept. Plot these points
and connect them with a smooth curve.

2
5_11' _s0>
y <1g ’3> (3

T o T
(B0 (o)
/N
LN B3 x
/12
~ 1o
n ?’ _3>
— _Z
y = 3sin <2x 3>
Objective #3: Understand the graph of y =cosx..
V/ Solved Problem #3 \u Pencil Problem #35”
3. True or false: The graph of y =cosx is symmetric 3. True or false: The graph of y =cosx illustrates that
with respect to the y-axis. the range of the cosine function is (—oo, o).

True; the cosine function is an even function, and
the graphs of even functions have symmetry with
respect to the y-axis.

Objective #4: Graph variations of y =cosx.

/ Solved Problem #4 \a Pencil Problem #45”°
4. Determine the amplitude, period, and phase shift of | 4. Determine the amplitude, period, and phase shift of
3 .
y= Ecos(Zx + ). Then graph one period of the y= %005(3 X+ %) Then graph one period of the

function. function

Comparing y = écos(2x+7r) to y=Asin(Bx—C),
2
we see that A = %, B=2and C= —r.

Amplitude: |A|= B‘ = %

Period: 2—” = 2—” =r
B 2

Phase shift: c_r__7
B 2 2

(continued on next page)
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The amplitude tells us that the maximum value of

. . 3 .. .3
the function is E and the minimum value is —5.

The period tells us that each cycle is of length 7. The

phase shift tells us that a cycle starts at —%.

Divide the period by 4: % The x-values of the five

. V4
key points are x, = -
T T 2r w07 T T
X,=——+—=-"+"=-=, x,=—=—+==0,
2 4 4 4 4 4 4
x4=0+£=£, and x; =£+£=2—ﬂ-=£. Now
4 4 4 4 2

find the value of y for each of these x-values by
evaluating the function. The five key points are

G D -
22 4 2 4

T 3 . . .
E, E . Notice the pattern: maximum, x-intercept,

minimum, x-intercept, maximum. Plot these points
and connect them with a smooth curve.

y (#3
L

X

/?
1B
N[

v

|

|
LA
U

\

-
\

e 3
(-3

cos(2x + )

/?
&3
=
\

\
A
13
1
Il
s
[%9\
II

[

(ST

y=
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Objective #5: Use vertical shifts of sine and cosine curves.

v Solved Problem #5 \ Pencil Problem #5/

5. Graph one period of the function y =2cosx+1. ) . .
5. Graph one period of the function y =sinx+2.

The graph of y =2cosx+1 is the graph of
y =2cosx shifted one unit up. The amplitude is 2

and the period is 27z The graph oscillates 2 units
below and 2 units above the line y = 1.

The x-values for the five key points are 0, %, T,
37”, and 27 The five key points are (0, 3), (%, lj,

(m, -1), (37”, 1), and (27, 3). Plot these points and

connect them with a smooth curve.

3 ()
[ g // ’
(0,3) 1 H/ (27, 3)
\I /A

T a7 7 X

5 (77, =1)

y=2cosx+1
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Objective #6: Model periodic behavior.

‘/ Solved Problem #6

A region that is 30° north of the Equator averages a
minimum of 10 hours of daylight in December.
Hours of daylight are at a maximum of 14 hours in
June. Let x represent the month of the year, with 1
for January, 2 for February, 3 for March, and 12 for
December. If y represents the number of hours of
daylight in month x, use a sine function of the form
y=Asin(Bx—C)+ D to model the hours of

daylight.

We need to determine values for A, B, C, and D in
y=Asin(Bx—C)+ D.

To find D, notice that the values range between a
minimum of 10 and a maximum of 14. The middle
value is 12, so D = 12.

To find A, notice that the minimum, 10, and
maximum, 14, are 2 units below and above the
middle value, D = 12. The amplitude is 2, so A = 2.

To find B, notice that the period is 12 months (one
year). Use the period formula and solve for B.

27 _
B
2r=12B

2z

12 6

12

To find C, notice that a middle value occurs in
March (x = 3), so we can begin a cycle in March.
Use the phase shift formula with this value of x and
the value of B just found.

Bx-C=0
T3 _c=0
6
7_.
2

Substitute the values for A, B, C, and D into
y = Asin(Bx —C) + D. The model is

y=2$in(£x—£j+12.
6 2

Depth (feet)

\ Pencil Problem #6/

The figure shows the depth of water at the end of a
boat dock. The depth is 6 feet at low tide and

12 feet at high tide. On a certain day, low tide
occurs at 6 a.m. and high tide occurs at noon. If y
represents the depth of the water x hours after
midnight, use a cosine function of the form

y =Acos Bx+ D to model the water’s depth.

y

12 +

N=}
.
t

(@)
t

(O8]
f
t

6 12 18 24
The Number of Hours after Midnight

Copyright © 2014 Pearson Education Inc.
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Answers for Pencil Problems (Textbook Exercise references in parentheses):

1. true
y
TTT T 1]
(77, 3)—(277, 0)
0,0 4, 0)
iy N3 v
4 (Islﬂ-l’ _3)
y = 3sin 3x
2a. Amplitude: 3; period: 47 (4.5 #9)
)
y (77, 0)
N/,
P A |37
(5 ke (5
iy X
(5w _
5 T 3)
2b. y =3sin 2x — m) Amplitude: 3; period: 7; phase shift: % (4.5#21)
3. false
Y w
(2.2 (20)r
67 2+t { ,(E 1)
0, 002N 6 22
i T3 2 X

4a. 2 Amplitude: %; period: 2?7[; phase shift: —% (4.5 #47)
5
SRR
P 2
0.2 2
i T 2x
5. y =sinx+2 (4.5 #53)

6. y= 3cos%+9 (4.5 #87)
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Section 4.6
Graphs of Other Trigonometric Functions

Trig Functions Without Bounds

We have seen that sine and cosine functions can be used to model phenomena that are
cyclic in nature, such as the number of daylight hours in a day at a specific location over a
period of years. But it’s not just the periodic properties of sine and cosine that are
important in these situations; it’s also their limited ranges. The fact that the ranges of sine
and cosine functions are bounded makes them suitable for modeling phenomena that never
exceed certain minimum and maximum values.

In this section, we will see that the remaining trigonometric functions, while periodic like
sine and cosine, do not have bounded ranges like sine and cosine. These functions are
more suitable for describing cyclic phenomena that do not have natural limits, such as the
location where a beam of light from a rotating source strikes a flat surface.

Objective #1: Understand the graph of y =tanx.

I/ Solved Problem #1

1. True or false: The graph of y = tanx is symmetric
with respect to the y-axis.

False; the tangent function is an odd function and is
symmetric with respect to the origin but not the
y-axis.

1.

\ Pencil Problem #1 /

True or false: The graph of y = tanx has no gaps or
holes and extends indefinitely in both directions.

Objective #2: Graph variations of y = tan x.

|/ Solved Problem #2

2a. Graph y =3tan2x for —§<x<%.

Find two consecutive asymptotes by solving

—§< Bx-C <§. In this case, Bx—C =2x.

(continued on next page)

\ Pencil Problem #2/

2a. Graph two full periods of y = %tan 2x.
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The graph completes one cycle on the interval

Tz . .
(—Z, Z) and has consecutive vertical asymptotes

V4 V4 . L
at x = vy and x = R The x-intercept is midway

between the asymptotes at (0, 0). The x-values —%

and % are i and % of the way between the

asymptotes; the points (—%, —3) and (%, 3} are

on the graph. Plot these three points and the

asymptotes. Graph one period of the function by

drawing a smooth curve through the points and

approaching the asymptotes. Complete one more

period to the right in order to show the graph for
V4 3

—_—— < x<—.
4 4

2b.

Graph two full periods of y = tan(x - %j

Find two consecutive asymptotes by solving
V4

—£<Bx—C<£. In this case, Bx—-C=x——.
2 2 2

(continued on next page)
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2b. Graph two full periods of y = tan (x - ﬂ').
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The graph completes one cycle on the interval (0, 7z)
and has consecutive vertical asymptotes at x = 0 and
x = 7. The x-intercept is midway between the

asymptotes at (%, 0). The x-values % and %r

are i and % of the way between the asymptotes;

the points (%, —1) and (%, 1) are on the graph.

Plot these three points and the asymptotes. Graph
one period of the function by drawing a smooth
curve through the points and approaching the
asymptotes. Complete one more period to the left or
to the right in order to show two full periods.

The graph of y = tan(x - %) is the graph of

. T . .
y=tanx shlftedz units to the right.

)
y

0 \
2
R
©, 0=}
lixia T T P =T X
oo ]
&)
y= tan( - ?)
Objective #3: Understand the graph of y =cotux.
/ Solved Problem #3 \u Pencil Problem #35”
3. True or false: The graph of y =cotx has asymptotes | 3. True or false: The graph of y =cotx illustrates
at values of x where the graph of y = tanx has that the range of the cotangent function is (—oe, ).

x-intercepts.

True; the cotangent function is undefined at values
of x for which tangent is 0.
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Objective #4: Graph variations of y=cotx.

200

I/ Solved Problem #4

1 T
Graph y =—cot—ux.
ph y > >

Find two consecutive asymptotes by solving

0< Bx—C < 7. In this case, Bx—C=§x.
0<£x<7r
2

E-O<x<£~7r
.4 T

O0<x<?2

The graph completes one cycle on the interval (0, 2)
and has consecutive vertical asymptotes at x =0
and x = 2. The x-intercept is midway between the

asymptotes at (1, 0). The x-values % and % are i

and % of the way between the asymptotes; the

1 1 3 1
oints | —, — | and | —, —— | are on the graph.
pot (2 2) (2 2) grap

Plot these three points and the asymptotes. Graph
one period of the function by drawing a smooth
curve through the points and approaching the
asymptotes.

1 1)
2° 2

1,0)—=

31
2’72

N

152

\ Pencil Problem #4/

1
4. Graph two periods of y = ECOt 2x.
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Objective #5: Understand the graphs of y=cscx and y=secux.

v Solved Problem #5 \ Pencil Problem #5/

5. True or false: The graph of y = cscx illustrates that | 5. True or false: The graph of y =secx has
the range of the cosecant function is (—oo, o). asymptotes at values of x where the graph of

y = sin x has x-intercepts.

False; the range of the cosecant function is

(—oo, =11 U [1, o). It does not include values of y

between —1 and 1.

Objective #6: Graph variations of y=cscx and y =secx.

v Solved Problem #6 \ Pencil Problem #6/
3 3
6. Graph y=2sec2x for —Tﬂ <x< T” 6. Graph two periods of y = %csc%.

Begin by graphing y = 2cos2x where secant has

been replaced by cosine, its reciprocal function. The
amplitude of y =2cos2x is 2 and the period is

2z = 7. Note that for _%r <x< 1%” the graph of

y =2cos2x has x-intercepts at
3z V4 V4

x=——, x=——, x=—,and x:3—7[. The graph
4 4 4 4

of y=2cos2x attains its minimum value of -2 at

T T . .
X = _E and x = E and its maximum value of 2 at

x=0.

At each x-intercept of the graph of y =2cos2x draw
a vertical asymptote. Graph y = 2sec2x by starting

at each minimum or maximum point and
approaching the asymptotes in each direction.

v, (0,2)

bl

T
<—7» 2) : WY/ =
=3 I,‘ =
_3mmy wy A X
1,_2>
P (3

y =2sec2x
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Answers for Pencil Problems (Textbook Exercise references in parentheses):

1. false
S
y y (Tl}
(ﬂ l) 1 f 2.5 \
8 2 T N
(0, 0) (m, 0) 4
" L 3 =
8’ 2 [ 4 i
YOy =251 Wiy
=ltan2x =
2a. =2 (4.6 #7) 2b. y=tan(e=m 4 6u])
3. true
y

e
e
-
~= - D=
N—
_
1

=

(4.6 #31)
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Section 4.7
Inverse Trigonometric Functions

For Your Viewing Pleasure

Your total movie experience at your local cinema is affected by many variables,
including your distance from the screen. If you sit too close, your viewing angle
is too small. If you sit too far back, the image is too small.

In this section’s Exercise Set, you will see how inverse trigonometric functions
can be used to model your viewing angle in terms of your distance from the
screen and help you find the seat that will optimize your viewing pleasure.

Objective #1: Understand and use the inverse sine function.

v Solved Problem #1 \ Pencil Problem #1 /
: RNE) . 1
1a. Find the exact value of sin 7 1a. Find the exact value of sin E
Let 6 =sin"' ? Then sin@ = % where
Leg<Z
2 2

We must find the angle 6, —g <@< %, whose sine

equals —3 Using a table of values for the sine

function for _z <6< z, we see that sinz = ﬁ
2 2 3 2
Thus, sin”! ﬁ = z.
2 3
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1b.

B

Find the exact value of sin™' (—7 .

Let 6=sin"" [—%]

Then sin9=——2 where —ES HSE.
2 2 2

We must find the angle 6, —g <@< %, whose sine

equals —72. Using a table of values for the sine

. T .4
function for —E <@< E, we see that

1b. Find the exact value of sin™' (—%)

(=) 2
sin| —— |=——.
4 2
Thus, sin”! (——2J = —z.
4
Objective #2: Understand and use the inverse cosine function
/ Solved Problem #2 \a Pencil Problem #25°
2. Find the exact value of cos™’ (—%J 2. Find the exact value of cos ! [_QJ
2
af 1
Let 8=cos™ | ——|.
2
Then cos@ = —% where 0<6< 7.
We must find the angle 6, 0 < 8 < &, whose cosine
equals —%. Using a table of values for the cosine
function for 0 < @< 7z, we see that cosz = —%.
Thus, cos™! (——J = 2—”
3
204 Copyright © 2014 Pearson Education Inc.
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Objective #3: Understand and use the inverse tangent function.

v Solved Problem #3 \ Pencil Problem #3/

Find the exact value of tan™' (~1). 3. Find the exact value of tan™'0.
Let = tan ' (-1).

Then tan &= —1 where —§< 6<§.

We must find the angle 6, —g <f< g, whose
tangent equals —1. Using a table of values for the

. T T
tangent function for —E <f< E, we see that

tan(—zjz—l.
4
T

Thus, tan"' (-1) = - =,
(-1 4

Objective #4: Use a calculator to evaluate inverse trigonometric functions.

v Solved Problem #4 \ Pencil Problem #41/>

. a1 ! a3
. Use a calculator to find the value of cos™ 5 to four | 4a. Use a calculator to find the value of cos™' = to two

decimal places. decimal places.

To access the inverse cosine function, you will need
to press the 2™ function key and then the COS key.
Use radian mode.

Scientific calculator: 1+ 3 =2"COS
Graphing calculator: 2" COS (1 +3) ENTER

The display should read 1.2310, rounded to four
places.
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4b. Use a calculator to find the value of tan™! (-35.85)
to four decimal places.

To access the inverse tangent function, you will need

to press the 2™ function key and then the TAN key.
Use radian mode.

Scientific calculator: 35.85 +/— 2" TAN
Graphing calculator: 2™ TAN (-) 35.85 ENTER

The display should read —1.5429, rounded to four
places.

4b. Use a calculator to find the value of sin™'(-0.32)
to two decimal places.

Objective #5: Find exact values of composite functions with inverse trigonometric
functions.

V Solved Problem #5
Sa. Find the exact value, if possible: cos(cos™ 0.7).

Since 0.7 is in the interval [—1, 1], we can use the

. -1
inverse property cos(cos  x) = X.

cos(cos™0.7)=0.7

\ Pencil Problem #5//>

5a. Find the exact value, if possible: sin(sin™' 0.9).

5b. Find the exact value, if possible: sin'(sin 7).

. . . T
Since 7is not in the [_E’ E} we cannot use the

inverse property sin”'(sinx) = x. We first evaluate

sinz =0, and then evaluate sin™0.

sin”'(sinz) =sin™' 0=0

5b. Find the exact value, if possible: sin™ (Sin%j.
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Sc. Find the exact value, if possible: cos[cos™ (=1.2)]. Sc. Find the exact value, if possible: sin(sin™ 77).

Since —1.2 is not in the domain of the inverse cosine
function, [—1, 1], cos[cos™'(—1.2)] is not defined.

S5d. Find the exact value of sin(tan'1 %j S5d. Find the exact value of cos(sin1 %j

Let Orepresent the angle in (—%, gj whose
3

tangent is é Thus, & =tan™ —.
4 4

So, tan9=§, where —£< 6’<£. Since tan@ is
4 2 2

positive, @ must be in (0, %) Thus, @lies in

quadrant I, where both x and y are positive.
tan9=§=l, sox=4andy=3
4 x

Find r and then use the value of r to find sin 6.

r:\/m:\/16+9:\/2_5:5

sinﬁzzzg
r 5

Thus, sin(tan1 éj =sin@ = 3
4 5
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Se.

208

Find the exact value of cos{sin1 (—%ﬂ

Let @represent the angle in {—%, %} whose sine is

—l. Thus, &=sin" (—l)
2 2

So, sin9=—l, where —ES HSE. Since siné is
2 2 2

negative, d must be in [—%, Oj. Thus, @lies in

quadrant IV, where both x is positive and y is
negative.

sin@z—lzZ
2 r

:_—1, soy=—landr=2
’

Find x and then use the value of x to find cosé.

4=x"+1
3=x
x=+/3, since x>0

V3

cosf=2="2
ro 2

Thus, cos {sinl (—lﬂ =cosf = ﬁ
2 2

In this problem, we know how to find the exact

value of sin™ (—%J, so we could have also

proceeded as follows:

ol (oA 52

Se. Find the exact value of cs{cos‘(

Copyright © 2014 Pearson Education Inc.
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5f. If x>0, write sec(tan™ x) as an algebraic 5f. If x>0, write tan(cos™ x) as an algebraic
expression in x. expression in x.

Let @represent the angle in (—%, %J whose

tangent is x.

Thus, @ =tan™' x and tan@ = x, where (—%, %)

Because x > 0, tan@ is positive. Thus, @is a first-
quadrant angle.

Draw a right triangle and label one of the acute
angles 6. Since

X _ opposite
tanf=x=—= p'p—’
1 adjacent

the length of the side opposite @is x and the length
of the adjacent side is 1.

Use the Pythagorean theorem to find the hypotenuse.

F=x"+1°

c=+x"+1

c=vx*+1

X
0
M
1
[ 2
Thus, sec@d = hyp?tenuse BRL *l =+/x*+1 and

adjacent 1

consequently,

sec(tan” x) =sec@ =~/ x> +1.
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Answers for Pencil Problems (Textbook Exercise references in parentheses):

T T

1a. (4.7 #1) b, —— (47#9)

2. % (4.7 #9)

3. 0 (4.7#15)

da. 1.19 (47#23) 4b. —0.33 (4.7#21)

Sa. 0.9 (4.7#31) 5b.

N

(4.7#35)  5c. undefined (4.7#45) 5d. % (4.7 #47)

1-x?

Se. 2 (4.7#59) St (4.7 #63)
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Section 4.8
Applications of Trigonometric Functions

Up, Up, & Away, Around the Corner,
and Back & Forth

From finding the heights of tall buildings to modeling cyclic behavior,
trigonometry is very useful. In this section, you will see how finding missing
parts of right triangles has many practical applications, how ships at sea can be
located using bearings and trigonometry, and even how the motion of a ball
attached to a spring can be described using a sinusoidal function.

Objective #1: Solve a right triangle.

/ Solved Problem #1
la. Let A =62.7° and a = 8.4 in the triangle shown

below. Solve the right triangle, rounding lengths to

two decimal places.

B
c
a
A b C

To solve the triangle, we need to find B, b, and c.

We begin with B. We know that A+ B =90°.
62.7°+ B =90°
B =90°-62.7°=27.3°

Next we find b. Note that b is opposite B = 27.3°
and a = 8.4 is adjacent to B = 27.3°. We set up an
equation relating a, b, and B using the tangent
function. Then we solve for b.

side opposite B b

tan B = — - =
side adjacentto B a
tan27.3° = b
8.4

b=84tan27.3° = 4.34

(continued on next page)

\ Pencil Problem #1 /

la. Let A =23.5° and b = 10 in the triangle shown in
Solved Problem #1a. Solve the right triangle,
rounding lengths to two decimal places.

Copyright © 2014 Pearson Education Inc.

211



Precalculus Se

When finding ¢, we choose not to use the value of b
just found because it was rounded. We will again
use B =27.3° and a = 8.4. Since a is adjacent to B
and we are finding the hypotenuse, we use the
cosine function.

_ side adjacentto B a

cosB —
hypotenuse c
c0s27.3° = ﬁ
c
ccos27.3°=84
c=— 3 945
c0s27.3°

Thus, B=27.3°, b =4.34, and c = 9.45.

Note that angle A could have been used in the

calculations to find » and ¢, tan A = % and

. a . .
sin A = —, without using rounded values.
c

1b.

212

From a point on level ground 80 feet from the base
of a tower, the angle of elevation is 85.4°.
Approximate the height of the tower to the nearest
foot.

We draw a right triangle to illustrate the situation.
The tower and the ground form the right angle. One
of the acute angles measures 85.4°, and the side
adjacent to it is 80 feet. The tower is opposite the
85.4° angle; we let h represent the height of the
tower.

H 85.4°
80 ft

(continued on next page)

1b. From a point on level ground 5280 feet (1 mile)

from the base of a television transmitting tower, the
angle of elevation is 21.3°. Approximate the height
of the tower to the nearest foot.
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Since we are looking for the side opposite the
known acute angle and we know the side adjacent to
that angle, we will use tangent.

{an 85.4° = opposne s?de _ h
adjacent side 80

h =80tan85.4° = 994

The tower is approximately 994 feet tall.

1c.

A guy wire is 13.8 yards long and is attached from
the ground to a pole at a point 6.7 yards above the
ground. Find the angle, to the nearest tenth, that the
wire makes with the ground.

We draw a right triangle to illustrate the situation.
The pole and the ground form the right angle. We
are looking for the angle opposite the pole; call it A.
The side opposite a is 6.7 yards, and the hypotenuse
is 13.8 yards.

13.
6.7 yd 38 yd

A

Since we know the side opposite A and the
hypotenuse, we will use the sine function.

GinA= side opposite A _ 6.7
hypotenuse 13.8

The wire makes an angle of approximately 29.0°
with the ground.

lc. A wheelchair ramp is built beside the steps to the

campus library. Find the angle of elevation of the
23-foot ramp, to the nearest tenth of a degree, if its
final height is 6 feet.
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1d.

214

You are standing on level ground 800 feet from

Mt. Rushmore, looking at the sculpture of Abraham
Lincoln’s face. The angle of elevation to the bottom
of the sculpture is 32°, and the angle of elevation to
the top is 35°. Find the height of the sculpture of
Lincoln’s face to the nearest tenth of a foot.

Refer to the figure below, where a represents the
distance to the bottom of the sculpture and b
represents the distance to the top of the sculpture.
The height of the sculpture is then b — a. We need to
find a and b and then subtract.

35°

] 32°
800 ft

Since in each case we are finding the length of the
leg opposite a known angle and we also know the
length of the leg adjacent to the known angle, we

will use the tangent function twice.

opposite side _ a
adjacent side 800
a =800tan32° = 499.9

tan32° =

opposite side b
adjacent side 800
b =800tan35° = 560.2

tan35° =

b—a=560.2-499.9=60.3

Lincoln’s face is approximately 60.3 feet tall.

1d. A hot-air balloon is rising vertically. From a point

on level ground 125 feet from the point directly
under the passenger compartment, the angle of
elevation changes from 19.2° to 31.7°. How far, to
the nearest tenth of a foot, does the balloon rise
during this period?
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Objective #2: Solve problems involving bearings.

|/ Solved Problem #2

2. You hike 2.3 miles on a bearing of S 31° W. Then

you turn 90° clockwise and hike 3.5 miles on a
bearing of N 59° W. At that time, what is your
bearing, to the nearest tenth of a degree, from your
starting point?

The figure below illustrates the situation. Notice
that we have formed a triangle by drawing a
segment from the starting point to the ending point.
The triangle is a right triangle because of the 90°
change in direction. We know the lengths of the
legs of the right triangle.

starting

ending point

point

We labeled one of the acute angles 6. The side
opposite fis 3.5 miles and the side adjacent to fis
2.3 miles. We can use the tangent function to find 6.

(an 6 = opP051te s?de _ 35
adjacent side 2.3

6=tan"! 33 56.7°
23

Now the angle formed by the north-south line
through the starting point and the segment between
the starting and ending points is

6+ 31°=56.7°+31°=86.7°.

The bearing of the ending point from the starting
point is S 86.7° W.

\ Pencil Problem #2/

After takeoff, a jet flies 5 miles on a bearing of N
35° E. Then it turns 90° and flies 7 miles on a
bearing of S 55° E. At that time, what is the bearing
of the jet, to the nearest tenth of a degree, from the
point where it took off?
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Objective #3: Model simple harmonic motion.

3a.

216

l/ Solved Problem #3

A ball on a string is pulled 6 inches below its rest
position and then released. The period for the motion
is 4 seconds. Write the equation for the ball’s simple
harmonic motion.

At t =0 seconds, d = —6 inches. We use a negative
value for d because the motion begins with the ball
below its rest position. Also, because the motion
begins when the ball is at its greatest distance from
rest, we use the model containing cosine rather than
the one containing sine.

We need to find values for a and @win d = acos wt.

Since the maximum displacement is 6 inches and the
ball is initially below its rest position, a = —6.

The period is given as 4 seconds. Use the period
formula to find @.

2z _y

[4]

2r=4w
_r_ 7
42

The equation is d = —6cos§t.

\ Pencil Problem #3/

3a. A ball on a string is pulled 8 inches below its rest
position and then released. The period for the
motion is 2 seconds. Write the equation for the
ball’s simple harmonic motion.
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3b. An object moves in simple harmonic motion

described by d = IZCoszt, where t is measured in

seconds and d in centimeters. Find the maximum
displacement, the frequency, and the time required
for one cycle.

The maximum displacement is the amplitude.
Because a = 12, the maximum displacement is

12 centimeters.

The frequency, f, is

A 1 1
FEEY 2

i
_ 4
! 2

e
2r

1
The frequency is 3 oscillation per second.

The time required for one cycle is the period.

3]

period =f=27ﬂ-=2/z{-%=8
4

The time required for one cycle is 8 seconds.

3b. An object moves in simple harmonic motion

described by d =5 cos%t, where ¢ is measured in

seconds and d in inches. Find the maximum
displacement, the frequency, and the time required
for one cycle.
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Answers for Pencil Problems (Textbook Exercise references in parentheses):

la. B=66.5%a~435c~1090 (4.8#1) 1b. 2059 feet (4.8#41) 1lec. 15.1° (4.8 #47)
1d. 33.7 feet (4.8 #49)

2. N89.5°E (4.8#57)

3a. d=-8cosmt (4.8#18)
3b. maximum displacement: 5 inches; frequency: i oscillation per second; time for one cycle: 4 seconds

(4.8#21)
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