Chapter 4

Trigonometric Functions

Section 4.1

Check Point Exercises

1.

The radian measure of a central angle is the length of
the intercepted arc, s, divided by the circle’s radius, 7.
The length of the intercepted arc is 42 feet: s = 42
feet. The circle’s radius is 12 feet: r = 12 feet. Now
use the formula for radian measure to find the radian
measure of 6.

s_42feet_35

roo12feet
Thus, the radian measure of @ is 3.5

a. 600 =600 Fradians 607 tians
180° 180

.4 .
= — radians
3

7 radians _ 2707
180° 180

b. 270°=270°- radians

= 3—” radians
2

7 radians 3007
180° 180

c. —300° =-300°- radians

= —5—” radians
3

7r radians . 180°

T .
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For a 400° angle, subtract 360° to find a positive
coterminal angle.
400° - 360° = 40°

For a —135° angle, add 360° to find a positive
coterminal angle.
—-135° +360° = 225°

137 137 10 3«

— 2T =———=—
5 5 5 5
.4 n 307 29«7

— 2=t —=—
15 15 15 15

855°-360°-2 =855°—-720°=135°

3 3
_17m_ 1 _sx
3 3 3
257 257

~ o 3=-"Cvor
6 6

_257r+367z _lx
6 6 6
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Chapter 4 Trigonometric Functions

8.  The formula s =r6@ can only be used when 8 is Concept and Vocabulary Check 4.1
expressed in radians. Thus, we begin by converting
. 1. origin; x-axis
45° to radians. Multiply by %fms
180 2.  counterclockwise; clockwise
o_ sco Tradians 45 .
457 =45° 180° @7[ radians 3. acute; right; obtuse; straight
=~ radians s
4 4. -
Now we can use the formula s=ré to find the r
length of the arc. The circle’s radius is 6 inches :
r = 6 inches. The measure of the central angle in 5. ‘
e e 180°
radians is —: @ =— . The length of the arc
‘o4 180°
intercepted by this central angle is 6.
s=r6 z
— (6 inches) ( 7 j 7. coterminal; 360°; 2rx
4
67 8. ré
=— inches
4 9. false
3z .
=— inches
2 10. rw; angular
= 4.71 inches.
9. Weare given @, the angular speed. Exercise Set 4.1
@ =45 revolutions per minute
We use the formula v = rw to find v, the linear 1.  obtuse
spe§d. B'efore applylng the formula, we must express 2. obtuse
 in radians per minute.
o= 45 revolutions 2z radians 3. acute
1 minute 1 revolution
_ 907 radians 4. acute
I minute 5. straight
The angular speed of the propeller is 907 radians per
minute. The linear speed is 6. right
V=rw
40 inch .
=1.5 inches 0z 7. 0="= m = 4 radians
1 minute r 10 inches
_ 1357 inches
minute 8. 0="= % = 6 radians
; r eet
— 1357 1r?ches
minute
inches 9. o9=2= 8 yards = 4 radians
=424 —= r 6yards 3
minute
The linear speed is 1357 inches per minute, which is 18 vard
approximately 424 inches per minute. 10. 6=2="2YD _ 55 radians
r 8 yards

1. o= s _ 400 centimeters — 4 radians

r 100 centimeters
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12.

13.

14.

15.

16.

17.

18.

r 100 centimeters

7t radians
180°

45° = 45°.

= 45—” radians

=Z radians
4
18°=18°.% radians
180°

187 .
=—— radians
180
- radians
10

7« radians
180°

135°=135°-

1357 .
= radians
180

RY/4 .
=— radians

7« radians
180°

150° =150°-

1507 .
= radians
180

= 5—” radians
6

7r radians
180°

300° =300°-

= 3007 radians

hY/4 .
=— radians

7r radians
180°

330°=330°-

3307
180

radians

11
- radians
6

s 600 centimeters

= 6 radians

20.

21.

22,

23.

24.

25.

26.

19.

Section 4.1 Angles and Radian Measure

—225°=-225°-
2257

hy/4 .
= —— radians

—270°=-270°-

7 radians
180°

radians

7« radians
180°

2707 .
=— radians
180

= —3—7[ radians
2

T . 7 radians  180°
— radians = . -
2 2 7r radians
_180°
2
=90°
T . 7 radians  180°
— radians = . -
9 9 7 radians
(o)
= 1807 =20°
9
2T 27 radians  180°
— radians = . -
3 3 7 radians
~2-180°
3
=120°
. 0 (o)
3z radlans' 180 _3-180 ~135°
4 7r radians 4
I . 77 radians  180°
— radians = .
6 6 7« radians
_7-180°
6
=210°
117 radians 180.0 _ 11-180° —330°
6 7 radians 6
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Chapter 4 Trigonometric Functions

27.

28.

29.

30.

31.

32,

33.

34.

35.

484

180°

—3 7 radians = —37 radians -

=-3-180°

=-540°

0
—47r radians -

7 radians

7 radians
180°

18°=18°-

= 18—7[ radians
180

=~ (.31 radians

7r radians
180°

76°="76°-

7 .
= ﬂ radians

=~1.33 radians

—40° = —40°-
180°

407

=——— radians
180

=~ —0.70 radians

~50° = —50°-
180°

= —50—” radians

=~ —(.87 radians

7« radians
180°

200° =200°-

2007 .
= radians
180
= 3.49 radians

7t radians
180°

250° =250°-

_ 2507
180
=~ 4.36 radians

radians

2 radians = 2 radians -

7t radians

7« radians

7 radians

=-4.180° =-720°

180°

7 radians

~2:180°
T
~114.59°

36.

37.

38.

39.

40.

41.

42,

43.

180°  3-180°
7 radians T

3 radians - ~171.89°

7z radians 180°

z radians =
13

13 7 radians
_180°
13
~13.85°
0 0
7 radians & = 180 ~10.59°
1 zrradians 17
0
—4.8 radians = —4.8 radians- 180.
7 radians
~ —4.8-180°
.4
~-275.02°
(o) 51000
—5.2 radians - 180_ = 5.2-180
rrradians .4
~-297.94°
YA
In 5
6
Y ™N
5 X
"\
YA
4n 5
3
Y ™
/ X
) Lo
YA
5 3n
..... 4
X
x
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Section 4.1 Angles and Radian Measure

44. YA 51. YA
In -5 S
4 b
Y ™ \4 l: 00
X X X
Lo k Lo
45. y 52. YA
5 5|1 150°
74
N
v @mvcald x
7 N 21
3
46. YA 53. YA
h
v Lap(EVE IR \ x
\ S ,
6 -210°
47. y 54. YA
by o
A
\
; X X \{ 1/ X
ST A )
e k} Lo
L4 ——240°
48. t 5. v4
»
{fi
N 207K
—777‘ [/ X
49. l y
160 T TS 56. Y4
3 W 5
i \‘, v x |
405/
\ x
50. y
q 57. 395°-360°=35°
C 5 x 58. 415°-360°=55°
S 14n
3 59. -150°+360°=210°

60. —160°+360°=200°
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Chapter 4 Trigonometric Functions

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

486

—765°+360°-3 =-765°+1080° =315°
—760°+360°-3 =-760°+1080° = 320°
19_7[_2 197r 127[_7_7[

6 6 6 6

177 177 107r 775
— 2=

5 5 5 5
237[_2 2_237[_4 237[_207[ 3n
5 5 5 5 5
257[_2 = 5%_47[:25%_247r=£
6 6 6 6 6
T g T 1007 997
50 50 50 50
r 80 197
2=t ——=—
40 40 40 40
—ﬂ+2 3——&+6
7 7
_ 3z 4z _lin
7 7 7
—38—”+2 3——£+6
__387r+547z_16_7z
9 9 9
r =12 inches, @ = 45°

Begin by converting 45° to radians, in order to use
the formula s =r6 .

xr radians 7w .
——— =— radians
180° 4

Now use the formula s =r@ .

45° = 45°.

s=ro=12 -% — 37 inches ~ 9.42 inches

r =16 inches, 8 = 60°
Begin by converting 60° to radians, in order to use
the formula s =r6 .

7 radians _r

180°
Now use the formula s =r@ .

60° =60°- — radians

s=r6=16 % - 167” inches ~ 16.76 inches

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

r =8 feet, 8 =225°
Begin by converting 225° to radians, in order to use
the formula s =r6 .

x radians S5z
————— =— radians
180° 4

Now use the formula s =ré .

225°=1225°-

s =r9:8-%:107z feet = 31.42 feet

r =9 yards, 8 =315°
Begin by converting 315° to radians, in order to use
the formula s =r6 .

7t radians 77[

315°=315°- — radians
180°
Now use the formula s =r@ .
ir 637
s=r0=9-— 1 :T yards = 49.48 yards

6 revolutions per second

__ 6revolutions 27 radians _ 127 radians

1 second 1 revolutions 1 seconds

=127 radians per second

20 revolutions per second

_ 20 revolutions 27 radians _ 407 radians

1 second 1 revolution 1 second

=407 radians per second

3 3

LI

V4 r

—mand 7

55 ' 11z
60 6

35 . T
60 6
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8s.

86.

87.

88.

89.

3 minutes and 40 seconds equals 220 seconds.

220 22r

60 3
4 minutes and 25 seconds equals 265 seconds.
25, S

60 6

First, convert to degrees.

1 . 1 . 360°
— revolution = — revolution - ———
6 1 revolution
= l -360° =60°
6
Now, convert 60° to radians.
60° = oo Zradians _ 007 s
180° 180
_Z radians
3

1 Lo . V4
Therefore, 5 revolution is equivalent to 60° or 3
radians.

First, convert to degrees.
360°

1 . 1 .
—revolutions = — revolutions - ————
3 3 1 revolution

=%-360° =120°

Now, convert 120° to radians.
7 radians _ 1207
180° 180

120°=120°-

. 2 .
radians = ? radians

Therefore, % revolution is equivalent to 120° or 2?”
radians.

The distance that the tip of the minute hand moves is
given by its arc length, s. Since s =r6 , we begin by
finding r and 8. We are given that » = 8 inches. The

minute hand moves from 12 to 2 o'clock, or % of a

complete revolution. The formula s =76 can only be
used when 6 is expressed in radians. We must

1 . .
convert g revolution to radians.

1 . 1 . 27 radians
g revolution = g revolution- ———

1 revolution
T ..
= — radians
The distance the tip of the minute hand moves is

s=rf=(8 inches)(%j = %r inches = 8.38 inches.

90.

91.

92,

Section 4.1 Angles and Radian Measure

The distance that the tip of the minute hand moves is
given by its arc length, s. Since s =r6 , we begin by
finding r and 6. We are given that

r = 6 inches. The minute hand moves from 12 to 4

o’clock, or % of a complete revolution. The formula
s =r@ can only be used when 8 is expressed in

. 1 . .
radians. We must convert 5 revolution to radians.

1 . 1 . 27 radians
5 revolution = grevolutlon —_—

1 revolution
= 2z radians
3
The distance the tip of the minute hand moves is
. 2 127 .
s=rf=(6 mches)(?ﬂ) = Tﬁ inches

=47 inches =12.57 inches.

The length of each arc is given by s =r6 . We are
given that r = 24 inches and

6 =90°. The formula s =r6 can only be used when
@ is expressed in radians.

90° = 9o LA radians _ 907 radians
180° 180

- radians
The length of each arc is
s = r = (24 inches) [gj — 1277 inches

=~ 37.70 inches.

The distance that the wheel moves is given by

s =r6@ . We are given that r = 80 centimeters and 6
= 60°. The formula s =r@ can only be used when ¢
is expressed in radians.

7 radians _ 607

=—— radians
180° 180

60° =60°-
0 radians

The length that the wheel moves is

s=rf=(80 centimeters)(%j = SOTE centimeters

~ 83.78 centimeters.
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Chapter 4 Trigonometric Functions

93.

9.

95.

96.

488

Recall that 8= . We are given that
r

s = 8000 miles and r = 4000 miles.
_ s 8000 miles
~r 4000 miles

Now, convert 2 radians to degrees.

0
2 radians = 2 radians - 180

7 radians

= 2 radians

~114.59°

Recall that 6 = . We are given that
r

s = 10,000 miles and r = 4000 miles.
_5_ M = 2.5 radians
r 4000 miles

Now, convert 2.5 radians to degrees.

(o)
2.5 radians - 180.
27 radians

~143.24°

Recall that s =r@ . We are given that
r =4000 miles and € =30°. The formula s =r6 can
only be used when @ is expressed in radians.

xr radians 307 .
——— =—— radians

180° 180

30°=30°-
-z radians
6

s=r6=(4000 miles)(%j ~ 2094 miles

To the nearest mile, the distance from A to B is
2094 miles.

Recall that s =r@ . We are given that
r =4000 miles and € =10°. We can only use the
formula s =r8 when @ is expressed in radians.

7z radians 107z .
—————— =—— radians
180° 180

10°=10°-
- radians
18
x
18
To the nearest mile, the distance from A to B is
698 miles.

s=r68=(4000 miles)( ) =~ 698 miles

97.

98.

99.

100.

Linear speed is given by v = rw. We are given that
0= % radians per hour and

r = 4000 miles. Therefore,

V = ro= (4000 miles)(lj
12
40007

miles per hour

= 1047 miles per hour
The linear speed is about 1047 miles per hour.

Linear speed is given by v = rw. We are given that r
= 25 feet and the wheel rotates at 2 revolutions per
minute. We need to convert 2 revolutions per minute
to radians per minute.

2 revolutions per minute

. . 27 radians
= 2 revolutions per minute - ———
1 revolution

=4r radians per minute
Vv =rw= (25 feet)(4r) = 314 feet per minute

The linear speed of the Ferris wheel is about
314 feet per minute.

Linear speed is given by v = rw. We are given that r
= 12 feet and the wheel rotates at 20 revolutions per
minute.

20 revolutions per minute
27 radians

= 20 revolutions per minute - —————
1 revolution

=407z radians per minute
v =rw= (12 feet)(40rx)
= 1508 feet per minute

The linear speed of the wheel is about
1508 feet per minute.

Begin by converting 2.5 revolutions per minute to
radians per minute.
2.5 revolutions per minute

. . 27 radians
= 2.5 revolutions per minute - ————

1 revolution
=57 radians per minute
The linear speed of the animals in the outer rows is
v =rw= (20 feet)(5x) = 100 feet per minute
The linear speed of the animals in the inner rows is
v =rw= (10 feet)(57) = 50 feet per minute
The difference is 1007z —507z =507z feet per minute
or about 157 feet per minute.

101.-112. Answers may vary.
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113.

114.

115.

116.

117.

118.

119.
120.

121.

S L —

30.25°

g5545 2"
&5, 75555556

65.76°

i
R 2

30°25°12”

50°25° 127

does not make sense; Explanations will vary.
Sample explanation: Angles greater than 7 will
exceed a straight angle.

does not make sense; Explanations will vary.
Sample explanation: It is possible for 7 to be used
in an angle measured using degrees.

makes sense

does not make sense; Explanations will vary.
Sample explanation: That will not be possible if the
angle is a multiple of 27.

A right angle measures 90° and

90° zg radians = 1.57 radians.

If @ =% radians =1.5 radians, @ is smaller than a

right angle.

122.

123.

124.

125.

126.

Section 4.1 Angles and Radian Measure

s=rf
Begin by changing 8 =20° to radians.

20°=120° T radians

180°
100=2r
9
r= % =~ 286 miles
T

To the nearest mile, a radius of 286 miles should be
used.

s=r6
Begin by changing & =26° to radians.

26°=26° NI 13—” radians
180° 90
s=4000- 13—7[
90
=~ 1815 miles

To the nearest mile, Miami, Florida is 1815 miles
north of the equator.

y
(_1 ﬁ)\
202 )L
™\
/28 x
YHyr=1

domain: {x|—1 <x< 1} or [-1,1]

range: {y|—1 <y< l} or [—1,1]

V3
2

1
x:——; =
2 y

S
o
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Chapter 4 Trigonometric Functions

Section 4.2

Check Point Exercises

1.

490

4
2 2

sint = —l
Y75
NE)
cost=x=——
2
tant=l=i=£
x B 3
2
csct:l:2
y
1 23
seCct=—=——
X 3
cott:£:x/§
y

The point P on the unit circle that corresponds to

t = has coordinates (-1, 0). Use x=—1 and y =0 to
find the values of the trigonometric functions.
sinz=y=0

cost=x=-1

tann:lzizo
x -1
se0ﬂ=l=i=—1
x -1
x -1 .
cot & = — = — = undefined
y 0
1 1
cscxr =— = — = undefined
y 0
T 1 1
t=—,P| —,—
4 [ﬁ ﬁ)
csczzl:ﬁ
4y
sec£=l=\/§
4 x
T 1
cot—:£:+:1

5.

2
tm9=sm9_i
cos® 5
3
232
35 5
_2 35 245
55 5
cscl = ! =l=§
sinf 2 2
3
secld = L _1_3
cos @ 5 5
3
_3 53
575 05
cotf = ! =L=—5
tand 2 2
5

sint:l,OSt<£
2 2

sin’t+cos’t=1

| 2
(—j +cos’t=1
2

1
cos’t=1-—

4
\F V3
cost =,[—=——
4 2

V4 . -
Because 0<t < B COs? 1S positive.
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Concept and Vocabulary Check 4.2

1.

2.

10.

11.

12.

13.

Y4 .4 T
a. cot— =cot| —+ 7z |=cot—=1
4 4 4

a. sin% ~0.7071

b. csc 1.5=1.0025

intercepted are

cosine; sine

sine; cosine; (—oo,c0)

I; -1; [-11]
V22
2 2

coS t; sect; even

—sint; —csct; —tant; —cott; odd

sint; cost; tant

tant; cott

1; seczt; csc’ t

periodic; period

sint; cost ; periodic; 27

tant; cott; periodic; 7w

Section 4.2 Trigonometric Functions: The Unit Circle

Exercise Set 4.2

—E,i . Use x
17 17

1. The point P on the unit circle has coordinates

__b and y=i to find the
17 17

values of the trigonometric functions.

sint—y—i
17
15
cost=x=——
17
8
tans =2 =17 =
T
1 17
csct=—=—
y 8
1 17
sect=—=——
X 15
X 15
cotf =—=——
y

2.  The point P on the unit circle has coordinates

> 12 Use x:—i and y:—E to find the
13 13

13713

values of the trigonometric functions.

sint ——2
YT
5
cost=x=——
13
_12
tanl=l= 13 =£
X % 5
1 13
csCt=—=——
y 12
1 13
sect=—=——
X 5
X
cotf =—=—
y 1
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Chapter 4 Trigonometric Functions

3.

492

The point P on the unit circle that corresponds to

t= _Z has coordinates ﬁ, —ﬁ .Use x= ﬂ
4 2 2 2
2 . . .
and y= -y to find the values of the trigonometric
functions.
sint=y= _y2
YT
2
cost=x=—
2
y _2
tant == =—2=—1
YT
2
1
csct=—=—/2
y
1
sect=—=1/2
X
cott = X -1
y

The point P on the unit circle that corresponds to

\/E ﬁj Use

t= R has coordinates | ———,—
4 2

2
x= —% and y= % to find the values of the

trigonometric functions.

V2

sint=y=——
Y 2
2
cost=x=———
2
y 2
_Y__2 __
tant—x _g 1

.o 1
sin— = —
2

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

cos =——
6 2

1
COS— = ——

2
tant=—=0
tan0=—=0
csc7—n—L1——2

6 -
T _B 3

2
ol 1 25

6 B 3

2

secs—ﬂ-—%:2
33

sin3—n:—1
2

cos3—”=0

sec%[ = undefined

tan%[ = undefined

®

.4 3
COS— =——

6 2

V.4

cos| —— |=cos

)

7z 1
COS— =—
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21.

22,

23.

24,

25.

26.

a sin—=—
. [ 57rj . 5 1
b sin| ——— |=—-sin— =——
6
. 27 \/§
a siIn——=—-
2
2r 2r \/5
b sin| —— |=—-sin— =———
3 3 2
_\B
a tans—”=Tz=—«/§
35

6 3 3
2

8
17
8

17
15

17

17

csct=—
8

17
sect =—
15

15

cott =—
8

sint =—, cost

| w
(VAN

AW

tant =

csct =

sect =

cott =

[SSN I N N RV, SRS R N wls oo

28.

29.

30.

Section 4.2 Trigonometric Functions

. 22
sint =—,cost =——
3

1 2
tan[:E:T

3
csct=3

3
sect =——

4
COtl=2\/§
.2 J5
sint =—,cost =—

3 3

2
tanl=i=§

55

3

3
csct=—

2

345
sect =——

5
cottzﬁ

2
sintzg,OSt<£

7 2
sint+cos’t=1

2
(Ej +cos’t=1
7
36

cos’t=1-—

49
f13 V13
cost=,[—=——
49 7
T

Because 0<t < % cost is positive.

. 7
sint=—,0<t<
8

RS

sin®t+cos’t=1

2
(lj +cos’t=1
8
49

cos’t=1——

64
/15 15
CoSt =, |— =—
64 8

Because 0<t< X cost is positive.
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Chapter 4 Trigonometric Functions

31.

32,

33.

34.

35.

36.

37.

38.

494

39 i

sinf=——,0<r<—
8 2

sin®t+cos’t=1

2
(gj +cos’t=1

cosztzl—2
64
25 5
cost=,—=—
64 8

Because 0<t< X cost is positive.

sint=£,0£t<Z
5
sin’t+cos’t=1
—\2
i +cos’t=1
5
coszt=1—2
25
4 2
cost=,—=—
25 5

V4 . -
Because 0<t < B COs? 1S positive.

sinl.7cscl.7 =sinl.7| — ! =1
sinl.7

cos2.3sec2.3=cos2.3 ! =1
cos2.3

sin’ %+ cos? % =1 by the Pythagorean identity.

. T T
sin” ? +cos? ? =1 because

sint+cos’t=1.

2 T

T
sec E— tan =1 because 1+ tan’ ¢ =sec’t.

.4 .4
csc? g —cot? = =1 because

l+cot’t =csc’t.

39.

40.

41.

42,

43.

44.

45.

46.

47.

50.

2
sec(——j:sec(—g—”+4 ]:sec—”— 2
4
tan—=tan(—+ﬂ'j=tan—=1
cot—:cot( +7z):cot——1

—tan £+15ﬂ' =—tan£=—1
4 4
—cot(£+l77z) :—cotgz -1
4 4

sin| =% -10007 |=sin| -Z + 27
4 4

=sin—

sin (—5 - 20007:} = sin (—5 + 27:}
4 4

. V3
=Ssm—
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Section 4.2 Trigonometric Functions: The Unit Circle

51. cos —E—IOOOn =cos —£+27z 58. a. cotzzgzo
4 4 2 1
—cos—”
4 b. cotlST”:cot(%+77z):cot%:0
2
2
59. a. sin%t:—g
52. cos(—%—ZOOOﬂ'):cos(—%+27rj
p b. sin47—”=sin[7—”+10ﬁj
=cos— 4 4
4
_ \/E = sin[7—ﬂ-+5(27r)}
) 4
—sin—”
53. a sin3—”—£ 4
. . 4 2 __ﬁ
2
b. sinM:sin 3—”+27z :sin3—ﬂ-:£
4 4 4 2 7 2
60. a. COSTZT
RY/4 \/5
54. a. COST=_T \/_
b. 0054?77[:005(77”+107r):<:05%272
b cos—:cos(%+2ﬂ):cos———%
61. sin0.8=0.7174
55. a. cos%zo 62. cos0.6~0.8253
63. tan 3.4 ~0.2643
o T
b COS— =CO0Ss [— + 4”)
2 2 64. tan3.7=0.6247
=cos{§+2(2ﬂ')} 65. csc1~1.1884
T 66. sec 1~=1.8508
=Ccos—
2
=0 67. cos’-~009511
10

56. a. sin% =1 3
68. sin-2-~0.8090
10

69. cotZ~37321
12

57. a. tanﬂ=%=0

T
b. tanl77 = tan(z +167) 70 cot-2=5.6713

=tan[z +8(27)]
=tanzw
=0

71. sin(—t)—sint =—sint—sint =-2sint =—-2a

72. tan(—t)—tanf=—tant—tant =-2tant =—2c¢
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73.

74.

75.

76.

77.

78.

79.

80.

81.

496

4cos(—t)—cost =4cost—cost =3cost =3b
3cos(—t)—cost =3cost —cost =2cost =2b

sin(t + 27) —cos(t +4x) + tan(t + )
=sin(t) —cos(z) + tan(z)
=a—-b+c

sin(t + 27) + cos(t + 4) — tan(t + )
=sin(t) + cos(t) —tan(t)
=a+b-c

sin(—t —27) —cos(—t —4x) —tan(—t — 1)
= —sin(t + 27w) —cos(t +4x) + tan(t + )
= —sin(t) —cos(t) + tan(t)

=—a-b+c

sin(—t —27) + cos(—t —4x) —tan(—t — )
= —sin(t+ 2x)+cos(t +4x) + tan(t + )
= —sin(t) + cos(z) + tan(z)

=—a+b+c

cost+cos(t+1000x) — tan t — tan(z +9997)
—sint+4sin(t —10007x)

=cost+cost—tant—tanz —sinz+4sint

=2cost—2tant+3sint

=3a+2b-2c

—cost+7cos(t+10007x) + tan ¢ + tan(z +9997)
+sint+sin(z —1000x)

=—cost+7cost+tant+tanz+sinz+sint

=6cost+2tant+2sint

=2a+6b+2c

a.  H=12+83sin| 2% (80-80)
365

=12+8.3sin0=12+8.3(0)

=12
There are 12 hours of daylight in Fairbanks on
March 21.

b.  H=12+83sin| 2% (172—80)
365

=~12+8.35in1.5837

=20.3
There are about 20.3 hours of daylight in
Fairbanks on June 21.

82.

83.

H =12+83sin| 2% (355-80)
365

=~12+8.35in4.7339

=3.7
There are about 3.7 hours of daylight in
Fairbanks on December 21.

H =12+ 24sin| 2% (80—80)
365

12+24sin0=12+24(0) =12

There are 12 hours of daylight in San Diego on
March 21.

H =12+ 24sin| 2% (172-80)
365

=~12+245sin1.5837

=~14.3998
There are about 14.4 hours of daylight in San
Diego on June 21.

H =12+ 24sin| 2% (355 -80)
365

=12+ 245in4.7339

=9.6
There are about 9.6 hours of daylight in San
Diego on December 21.

Fort=17,

E:sin£-7—sin—:1
14

Fort =14,

E=sin14=sinz=0
14

Fort =21,

E=sin 21=sin % =1
14 2

For t =28,

E:sin%~28:sin27r:sin0=0

For t =35,
E =sin£-35=sin5—”=sin£=1
14 2 2

Observations may vary.

Because E(35) = E(7) = 1, the period is
35 —7 =28 or 28 days.
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84.

At6 AM., t=0.
.
H :10+4smg-0

=10+4sin0=10+4-0=10
The height is 10 feet.
At9 AM,, t=3.

H=10+4sin%3

:10+4sin§:10+4(1):14

The height is 14 feet.
Atnoon, t = 6.

H:10+4sin%-6

=10+4sinz=10+4-0=10
The height is 10 feet.
At6PM, =12

H=10+4sin%12

=10+4sin27=10+4-0=10
The height is 10 feet.
At midnight, r = 18.

H:10+4sin%-18

=10+4sin37x=10+4sinx

=10+4-0=10
The height is 10 feet.
At3 AM, t=21.

H:10+4sin%-21

—10+4sin 2% =10+ 4sin >
—10+4(-1)=6
The height is 6 feet.

. . .. RY/4
The sine function has a minimum at 7 . Thus,

we find a low tide at %t = 37” or

t =9. This value of 7 corresponds to 3 P.M. For ¢
=9,

h=10+4sin%9

= 10+4sin37ﬂ- =10+4(-)=6
The height is 6 feet. From part a, the height at 3

Copyright © 2014 Pearson Education, Inc.

85. -

97.

98.

99.

100.

101.

102.

Section 4.2 Trigonometric Functions: The Unit Circle

AM. is also 6 feet. Thus, low tide is at
3 AM. and 3 PM.

The sine function has a maximum at E . Thus,

we find a high tide at %z =§ or £ = 3. This

value of ¢ corresponds to 9 a.m. From part a, the
height at 9 AM. is 14 feet. Because the sine has

a period of 2r we also find a maximum at 57” .

We find another high tide at %t = 57” ort=15.

This value of ¢ corresponds to 9 P.M. Thus, high
tide is at 9 AM. and 9 PM.

c¢.  The period of the sine function is 2 or on the
interval [0, 27z] . The cycle of the sine function

VY 4 T
starts at gt :70r t =0, and ends at gt =2r

or ¢t = 12. Thus, the period is 12 hours, which
means high and low tides occur every 12 hours.

96. Answers may vary.
makes sense

does not make sense; Explanations will vary.
Sample explanation: sin¢ cannot be less than —1.

Jio

Note that _T =—-1.58<-1.

does not make sense; Explanations will vary.
Sample explanation: Cosine is not an odd function.

makes sense

t is in the third quadrant therefore sint <0,
tant >0, and cotr > 0.
Thus, only choice (c) is true.

f(x)=sinx andf(a)=%
fla)+ fa+2m)+ f(a+4r)+ f(a+6x)
=4f(a) :4(ij =1 because sin x has a

period of 2.
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103. f(x)=sinx andf(a):i 107, (£)2+(2)2=%+é
Fl@)+2f (~a) = f(a)-2f (a) Nl e
_ a2 +b2

1 1 =
=—-2|= 2
4 (4) ¢

Since ¢? =a? +b2, continue simplifying by

1
Ty substituting ¢® for a? + 5.
f(—a) =—f(a) because sin (—x) = —sin x. 4 2 b 2 2 b2
Sine is an odd function. (—) + (—) ==+t
C C C C
104. The height is given by a2 +b2
h =45 + 40 sin(r — 90°) ==
h(765°) = 45+40sin(765°-90°) CZ
~16.7 3
You are about 16.7 feet above the ground. _a +b
2
C
105. First find the hypotenuse. 5
c
2 =a>+b? ==
c
?=52+122 ~1
2 =25+144
¢? =169 Section 4.3
c=13 . .
Next write the ratio. Checkpoint Exercises
a_> 2_ 2,32
—= e} 1.  Use the Pythagorean Theorem, ¢” =a” +b~, to find
C
c.
106. First find the hypotenuse. a=3,b=4
* =a® +b? A =a’+b* =3 +47 =9+16=25
2141 Referring to these lengths as opposite, adjacent, and
62 h hypotenuse, we have
c Gin@ = opposite _ 3
c=+2 hypotenuse 5
Next write the ratio and simplify. cosd = adjacent _ 4
a =L hypotenuse 5
c 2 opposite 3
tanf=——=—
_ 1 ﬂ adjacent 4
V2 2 cscf = hypotenuse _ 5
3 J2 opposite 3
2 secf= hyp(.)tenuse _ 5
adjacent 4
cotf= adjace.nt _ 4
opposite 3
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Use the Pythagorean Theorem, c? =a* +b*, to find
b.

a’+b* =c?
1’ +b* =57
1+b* =25

b* =24

b=+24=2J6

Note that side a is opposite € and side b is adjacent
to 6.

Ging = opposite  _ 1
hypotenuse 5
adjacent 2\/8
cosf = =
hypotenuse 5
opposite 1 J6
tnf=——=—==——
adjacent 2\/6 12
s = hypotenuse _ 5 _
opposite 1
e = hypotenuse 5 5J6

adjacent - 2J6 - 12

cot 6 = adjace.nt _ 2\/6 _s \/g
opposite 1

Apply the definitions of these three trigonometric
functions.

length of hypotenuse
length of side opposite 45°

:?:\/E

csc45° =

length of hypotenuse

sec45° = - -
length of side adjacent to 45°

=@=ﬁ

length of side adjacent to 45°
length of side opposite 45°

cot45° =

:—:1
1

Section 4.3 Right Triangle Trigonometry

length of side opposite 60°

tan 60° = . .
length of side adjacent to 60°
tan 30° = length of side opposite 30

length of side adjacent to 30°

1 1\B:£

B33 33

a. sin46° =cos(90° —46°) = cos 44°

b cot— =tan r.z
2 12
6r &

=tan| ———
[12 12)
Y4
=tan—
12

Because we have a known angle, an unknown
opposite side, and a known adjacent side, we select
the

tangent function.

tan24° =L
750

a =750tan 24°
a ~750(0.4452) =~ 333.9

The distance across the lake is approximately 333.9
yards.
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Chapter 4 Trigonometric Functions

7. = s%de opPosne _ 14
side adjacent 10

Use a calculator in degree mode to find 6.

Many Scientific Calculators Many Graphing Calculators

TAN" |[(]14[+]10]) | [ENTER | TAN][] 14 + 10[][ENTER]

The display should show approximately 54. Thus, the angle of elevation of the sun is approximately 54°.

Concept and Vocabulary Check 4.3

1. sin9=£; cscH=£; cos&=2; se049=£' tan6=£; cot6=2
c a c b b a

2. opposite; adjacent to; hypotenuse
3. true

4. sin@; tan@; secé

Exercise Set 4.3

1. >=9>+122=225

c=+/225=15

Ging = opposite _ 9 _ 3
hypotenuse 15 5
cosf = adjacent _ 12 _ 4
hypotenuse 15 5
tan 6 = opP051te _ 9 _ 3
adjacent 12 4
s = hypoten.use :E _ 5
opposite 9 3
secf = hypotenuse :E _ 5
adjacent 12 4
cotf = ad]ace.nt _ 12 _ 4
opposite 9 3
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c?=6>+8% =100

c=+/100 =10
Ging = opposite  _ 6 _i
hypotenuse 10 5
cosf = adjacent =£_i
hypotenuse 10 5
tan 6 = opP051te _ 6 _ 3
adjacent 8 4
s = hypoten.use :E _ 5
opposite 6 3
secf = hypotenuse :E _ 5
adjacent 8 4
cotf = adjace.nt _ 8 _ 4
opposite 6 3
a’+21° =29°
a® =841-441=400
a=+/400 =20
Gind = opposite  _ 20
hypotenuse 29
cosf = adjacent _ 21
hypotenuse 29
tan 6 = opP051te _ 20
adjacent 21
cscf = hypoten.use _ 29
opposite 20
secf = hypotenuse _ 29
adjacent 21
cotf = adjacent _ 21

opposite 20

Section 4.3 Right Triangle Trigonometry

a* +15* =17°
a® =289-225=64
a =\/6_4 =8
Gin 6= opposite _ 8

hypotenuse 17
adjacent 15

cosf) = ———
hypotenuse 17
tan 6 = opposite _ 8
adjacent 15
csch= hypotenuse _ 17
opposite 8
cech= hypotenuse _ 17
adjacent 15
ot 6 = adjacent _ 15
opposite 8
10> +b* =267
b* =676-100=576
b=+/576 =24
Gin@= opposite 10 _ 5

hypotenuse T 26 13
adjacent 24 12

cosf) = ——— =
hypotenuse 26 13

tane = M = 2 :i
adjacent 24 12

csch= hypotenuse _ 26 _ 13

opposite 10 5

cech= hypotenuse _ 26 _13

adjacent 24 12
ot 6 = ad]ace.nt _ 24 _ 12
opposite 10 5
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6. a’+40> =417
a’ =1681-1600 =81

a= \/8_ =9
Gin@= opposite  _ 9
hypotenuse 41
cosd = adjacent _ 40
hypotenuse 41
tan 6 = opposite _ 9
adjacent 40
csch= hypoter?use _ 41
opposite 9
cech = hyp?tenuse _ 41
adjacent 40
cot 6 = adjacent _ 40

opposite 9

7. 212+b*=35%
b* =1225-441="784

b=+/784 =28

opposite 28 4

sinf=——= —
hypotenuse 35 5
cosd = adjacent _ 21 _ 3
hypotenuse 35 5
tan 6 = opposite _ 28 _ 4
adjacent 21 3
csch= hypotenuse _ 35 _ 5
opposite 28 4
cech= hyp?tenuse =£ _ 5
adjacent 21 3
cot 6 = adjacent _ 21 _3

opposite 28 4

502

8.

10.

11.

12.

13.

a® +24% =25°
a? =625-576=49
a=+/49 =7
sin @ = _opposite 24
hypotenuse 25
cos O = adjacent _ A
hypotenuse 25
tan @ = M - %
adjacent 7
cscl = M = 2
opposite 24
secl = M = 2
adjacent 7
cotd = adjacent ace.nt = 7
opposite 24
c0s30° = length of side adjacent to 30
length of hypotenuse
B
2
tan30° = length of .51de oPposue 30
length of side adjacent to 30°
_1_ 1B
V3B B3
secd5o = length .Of hyl?otenuse
length of side adjacent to 45°
g
1
csc 450 = length of hypotenuse

length of side opposite 45°

:@:ﬁ

tanz = tan 60°
3

length of side opposite 60°

B length of side adjacent to 60°

=?=\@
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Section 4.3 Right Triangle Trigonometry

cot T = cot 600:length of 51c.16: adJacen.t to 60 25 tan Tt FE
3 length of side opposite 60° 2 9
RS B ] _ t(9_fr2_ﬂj
BB B3 18 18
=cot—
sinﬁ—cos£=sin45°—cos45° 8
4 4
Lo 26. tanZ =cot| Z-Z )= cot| -2 | et F
2 2 ' 7 2 7 14 14 14
tan =+ csc - = tan 45° + csc 30° 27 Cosz—”:sin T 2z
4 6 - 2 5
1 1 =smf ———
10 10
. T T T \/5 \/5 :sin£
sin—cos——tan—=| — || — |—1 10
3 4 4 2 2
_\/E 3z . (7 3x . (4r 37z . T
=—-1 28. cos—=sin| ——— |=sin| ——— |=sin—
4 8 2 8 8 8 8
_i-a
4 29. tan37°=——
250
r x _x_ 3_3- a=250tan37°
cos—sec——cot—=1—-——=——
3 3 3 3 3 a =250(0.7536) = 188 cm
T V.4 T \/5 \/5 o_ @
2tan—+cos —tan— = 2(+/3 ) +| = || = 30. tan61°=——
3 46 ( ) ( 2 J{ 3} 10
a=10tan61°
=2J§+g a~10(1.8040) ~ 18 cm
12
=M 31. cos34°=i
6 220
b =220co0s 34°
6tan£+sin£sec£=6(l)+ ﬁ 243 b =220(0.8290) = 182 in.
4 3 6 2 3
Ao 4
=6+§ 32. sin34 =13
—7 a =13sin34°
a=13(0.5592) =7 m
sin7° = cos(90°—7°) = cos 83°
o nno 16
§in19° = cos (90°~19°) = cos 71° 3. sin237="
25° = sec(90° — 25°) = sec 65° C—L~ 16 =41 m
e m el m ey m e §in23°  0.3907

csc35° =sec(90°—35°) =sec55°
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34.

35.

36.

37.

38.

39.

40.

41.

42,

504

tan44° = 23
b

S~ U N YR
and4°  0.9657

S em . Display
Scientific Calculator Graphing Calculator (rounded to the nearest degree)
0.2974 'SIN' [0.2974] ENTER 17
If sin@=0.2974, then 8 =17°.
S em . Display
Scientific Calculator Graphing Calculator (rounded to the nearest degree)
0.877 [cOS”| [COS'|0.877 [ENTER] 29
If cos@=0.877, then 8 = 29°.
S em . Display
Scientific Calculator Graphing Calculator (rounded to the nearest degree)
4.6252 TAN™! |4.6252| ENTER 78
If tan @ =4.6252, then 8 = 78°.
S em . Display
Scientific Calculator Graphing Calculator (rounded to the nearest degree)
26.0307 [TAN"'| [TAN'|26.0307 [ENTER] 88
If tan @ = 26.0307, then 8 = 88°.
S em . Display
Scientific Calculator Graphing Calculator (rounded o three places)
0.4112) COS™ | | coS™' |0.4112] ENTER 1.147
If cos@=0.4112, then 6 =1.147 radians.
S em . Display
Scientific Calculator Graphing Calculator (rounded o three places)
0.9499 |[SIN"| ISIN 0.9499 [ENTER] 1.253
If sin @ =0.9499, then € =1.253 radians.
s . . Display
Scientific Calculator Graphing Calculator (rounded o three places)
0.4169| TAN™ TAN™' | 0.4169| ENTER 0.395
If tan @ =0.4169, then 8 = 0.395 radians.
s . . Display
Scientific Calculator Graphing Calculator (rounded o three places)
0.5117 | TAN™ TAN"' | 0.5117 0.473

If tan@=0.5117, then 8 =0.473
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45.

46.

47.

48.

tanf_;_ﬁ_ 1
2 sec— 2 17[
cos—
6
B
T, L
NEl
2
_N3 N3
2 2
-0
1 2 1 2
ﬂ'_ - 1 - 1
COtZ CSCE tan’  sin’
12
1
1y
_1.2
1 2
=1-1
=0

1+sin? 40°+sin? 50°
=1+sin*(90°=50°) +sin” 50°
=1+cos” 50°+sin? 50°
=1+1
=2

1—tan?10°+csc? 80°
= 1—cot> 80°+ csc? 80°
=1+csc? 80° —cot” 80°
=1+1
=2

csc37°sec53° —tan 53°cot 37°

49.

50.

51.

52.

53.

=sec53°sec53°—tan 53°tan 53°

=sec? 53°—tan? 53°
=1

co0s12°sin 78°+ cos 78°sin12°

54.

=sin 78°sin 78° + cos 78° cos 78°

=sin® 78°+ cos> 78°
=1

Section 4.3 Right Triangle Trigonometry

f(@)=2cos@—cos26

f[%j =2cos%—cos[2%j
=2[§J—cos[%)

25
T2 2
231
2

tan 40° = ——
630

a =630tan40°
a = 630(0.8391) = 529

The distance across the lake is approximately 529
yards.

tan40° = n
35

h =35tan40°
h =35(0.8391) = 29
The tree’s height is approximately 29 feet.
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55. tan@= &
172

Use a calculator in degree mode to find 6.

Many Scientific Calculators

Many Graphing Calculators

125E|172E| TAN™

TAN™ 125E|172

The display should show approximately 36. Thus, the angle of elevation of the sun is approximately 36°.

555

1320
Use a calculator in degree mode to find 6.

56. tan

Many Scientific Calculators

Many Graphing Calculators

555 + 1320 H{[TAN]

rAN|{555 + 1320 | [ENTER]

The display should show approximately 23. Thus, the angle of elevation is approximately 23°.

57. sinl0°= @

c

. 500 500
sin10° 0.1736
The plane has flown approximately 2880 feet.

= 2880

a
5000
a =5000sin5° = 5000(0.0872) = 436

58. sin5°=

The driver’s increase in altitude was approximately 436 feet.

59. cosf= @
75

Use a calculator in degree mode to find 6.

Many Scientific Calculators

Many Graphing Calculators

w[=[=cos"]

[cos'J[Jso[ s ][Exree]

The display should show approximately 37. Thus, the angle between the wire and the pole is approximately 37°.

60. cosf= E
80

Use a calculator in degree mode to find 6.

Many Scientific Calculators

Many Graphing Calculators

55 + 80 H [cos

[cosT[(s5 = 8o [J[ENTER]

The display should show approximately 47. Thus, the angle between the wire and the pole is approximately 47°.

61.-67. Answers may vary.
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68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

Section 4.3 Right Triangle Trigonometry

0 0.4 0.3 0.2 0.1 0.01 0.001 0.0001 0.00001

sin@ | 0.3894 | 0.2955 | 0.1987 | 0.0998 | 0.0099998 |9.999998x107* | 9.99999998x1075 | 1x107

sinf 1 0.9736 | 0.9851 | 0.9933 | 0.9983 0.99998 0.9999998 0.999999998 1
0

sin @

approaches 1 as € approaches 0.

0 0.4 0.3 0.2 0.1 0.01 0.001 0.0001 0.00001

cos@ | 0.92106 | 0.95534 | 0.98007 | 0.99500 | 0.99995 |0.9999995 |0.999999995 1

cos@—1| —0.19735 | -0.148878 | -0.099667 | —0.04996 | —-0.005 -0.0005 | -0.00005 0
o

cosf-1 approaches 0 as 6 approaches 0.

does not make sense; Explanations will vary. Sample explanation: An increase in the size of a triangle does not affect
the ratios of the sides.

does not make sense; Explanations will vary. Sample explanation: This value is irrational. Irrational numbers are
rounded on calculators.

does not make sense; Explanations will vary. Sample explanation: The sine and cosine functions are not reciprocal
functions of each other.

makes sense

false; Changes to make the statement true will vary. A sample change is: ia 120 # an(f;j
an

true

1 1

false; Changes to make the statement true will vary. A sample change is: sin45°+c0s45° = —+—== % %1
2 2 2

true

opposite adjacent

and must be

hypotenuse hypotenuse

In a right triangle, the hypotenuse is greater than either other side. Therefore both

less than 1 for an acute angle in a right triangle.

Use a calculator in degree mode to generate the following table. Then use the table to describe what happens to the
tangent of an acute angle as the angle gets close to 90°.

0 60 70 80 &9 89.9 89.99 89.999 89.9999

tan0 1.7321 2.7475 5.6713 57 573 5730 57,296 572,958

As @ approaches 90°, tan0 increases without bound. At 90°, tan6 is undefined.
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80. a.

81.

82.

83.

508

Let a = distance of the ship from the lighthouse.

250
a
__250 250 357
tan35°  0.7002
The ship is approximately 357 feet from the
lighthouse.

tan35° =

Let b = the plane’s height above the lighthouse.
tan 22° = L

357
b =357tan22° = 357(0.4040) = 144

144+250=394
The plane is approximately 394 feet above the
water.

R
p

First find r: r =+/x* + y2
=/(=3)2 +4?

r=>5

4 o .
== 5 which is positive.
X
r

First find r: r =/ x* +y
r=4/(=3)% +5°
r=+/34
x_ -3 -3 B4 -3
ro34 34 34 340

which is negative.

6’ =360° —345° =15°

, Sz o6r 57r k4
9 =T =—- =
6 6 6 6

Section 4.4

Checkpoint Exercises

r=qx’+y?

r=y12+(=3)2 =J1+9 =10

Now that we know x, y, and r, we can find the six
trigonometric functions of 4.

y 3 __3\/5

YT 10
cost9—£——1 ——\/ﬁ
r 1010

tan @ = Y_ -3 =-3
X

r 1o _ 1o
cscl=—=——-=———

y -3 3
sece—izﬂzm

X 1
c0t¢9—£—L=—l

y =3 3

a. 6=0°=0 radians
The terminal side of the angle is on the positive
x-axis. Select the point
P=(1,0: x=1,y=0,r=1
Apply the definitions of the cosine and cosecant

functions.
cosO°:cosO:£:l:1
ro 1
r 1
csc0° =csc0 =— =—, undefined
y 0’

b. 6=90° =E radians

The terminal side of the angle is on the positive
y-axis. Select the point
P=(0,1): x=0,y=1,r=1

Apply the definitions of the cosine and cosecant

functions.

cos90°—cos£ ﬁ=9=O
2 r 1

csc90°—csc£ L=1=1
2y 1
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c. 6=180°=r radians
The terminal side of the angle is on the negative
x-axis. Select the point
P=(-10);: x=-1,y=0,r=1
Apply the definitions of the cosine and cosecant

functions.
cos180° =cosxw - :_—1 =-1
r
r 1 .
csc180° = cscr = — =—, undefined
y 0

d. 6=270°= 37” radians

The terminal side of the angle is on the negative
y-axis. Select the point
P=0-1): x=0,y=-1r=1

Apply the definitions of the cosine and cosecant

functions.
cos270°=cos3—”=£=9=0
2 r 1
csc270° = csc3—ﬂ- =L i =-1
2y -1

Because sin@ <0, @ cannot lie in quadrant I; all the
functions are positive in quadrant I. Furthermore, 8
cannot lie in quadrant II; sin @ is positive in quadrant
II. Thus, with sin@ <0, @ lies in quadrant III or
quadrant IV. We are also given that cos6 <0.
Because quadrant III is the only quadrant in which
cosine is negative and the sine is negative, we
conclude that @ lies in quadrant III.

Because the tangent is negative and the cosine is
negative, @ lies in quadrant II. In quadrant II, x is
negative and y is positive. Thus,

tan @ = Loy 1
3 x -3

x=-3,y=1

Furthermore,

r=\/x2+y2 =\/(—3)2+12 =J9+1=410

Now that we know x, y, and r, we can find
sin@ and sec@ .

ingo¥_ L _ 1 V10 _Jio
roJ10 V10 V1o 10
Sec&:i:ﬂ:_ﬂ
x -3 3

Section 4.4 Trigonometric Functions of Any Angle

Because 210° lies between 180° and 270°, it is
in quadrant III. The reference angle is
6 =210°-180°=30°.

Because 7—” lies between 3—” =6—7[ and
4 2 4

2 = 87” , it is in quadrant IV. The reference

angle is 6’=27r—7—7[=8—7[—7—”=£.
4 4 4 4

Because —240° lies between —180° and —270°, it
is in quadrant II. The reference angle is
6=240-180=60°.

Because 3.6 lies between 7 = 3.14 and

37” =4.71, it is in quadrant III. The reference
angleis 8'=3.6—7=~0.46.

665°—360° = 305°
This angle is in quadrant IV, thus the reference
angle is 6" =360°—305°=55°.

157 157 87 Ir
— ==
4 4 4 4

This angle is in quadrant IV, thus the reference
angle is 9':271'—7—” _dr Iz =z .
4 4 4 4

117 11z 127 =«
—— 2 2=t ——==
3 3 3 3

This angle is in quadrant I, thus the reference

angle is & =% .

300° lies in quadrant I'V. The reference angle is
6’ =360°-300°=60°.

sin60° = ﬁ
2
Because the sine is negative in quadrant I'V,
3

sin 300° = —sin 60° = —7 .

%[ lies in quadrant III. The reference angle is

, Srm St 4Ar &
O=—-r1="—"=—.
4 4 4 4

T
tan—=1
4
Because the tangent is positive in quadrant III,

Y4 .4
tan—=+tan—=1.
4 4
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Chapter 4 Trigonometric Functions

T . . 7. (a) 180°—-@; (b) 6—-180°; (¢) 360°—-4@
c. s lies in quadrant I'V. The reference angle is
, T .
g = rE Exercise Set 4.4
T 2\/5 1. We need values for x, y, and r. Because
eC—= T P = (-4, 3) is a point on the terminal side of

Because the secant is positive in quadrant I'V,

/4 .4 2\/5
sec| —— |=+sec—=——.
6 6 3

177 177 127 5m . .
a. ———27=—————=— lies in quadrant
6 6 6 6
I1. The reference angle is 8’ =7 —5?” = % .

The function value for the reference angle is

3

V4
cos—=—.
6 2
Because the cosine is negative in quadrant II,
177 S V4 NG
COS—— =C0S— =—CO0S— =——— .
6 6 6 2
b, 22 gr=22E 2T 2T jiesin
3 3 3
quadrant II. The reference angle is
0 =r- m_x
3 3
The function value for the reference angle is
. T 3
sin—=—.
32

Because the sine is positive in quadrant II,
22 ; 2r . 7w _~N3

sin S n .
3 3 3 2

Concept and Vocabulary Check 4.4

510

AN S

. X r
s1n€:—y; cscd=—; cosf@=—; secd=—"'
r r

X

tan49=l; cot@ =
X

= <>

tan@; secd; cot@; csc@; tan@; cotd
sin@; cscé;
tan@; cotd;
cos@; secl

terminal; x

6, x =—4 and y =3. Furthermore,

r=yx?+y? =(-4)2 +3% =/16+9 =25 =5No

w that we know x, y, and r, we can find the six
trigonometric functions of 4.

sinﬁ’:l:g

r 5
cos€=£=_4=—i

r 5
tanﬁzl:i:—E

x -4
csc6=£=§

y 3
secﬁzlziz—i

x -4 4
cot6=£=_—4=—i

y 3 3

We need values for x, y, and r, Because P = (-12, 5)
is a point on the terminal side of
6, x=—12 and y =5. Furthermore,

r=yx? 4% = (12> +52 =144+ 25

=+/169 =13
Now that we know x, y, and r, we can find the six
trigonometric functions of 6.

sinﬁzlzi

r 13
cos¢9=£=_—12=—2

r 13 13
tant?zlziz—i

x -12 12
csc¢9=L=£

y 5
secf=_= 13 =—13

x -12 12
c0t¢9=£=_—12—2

y 5 5
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We need values for x, y, and r. Because P = (2, 3) is a
point on the terminal side of €, x=2 and y=3.
Furthermore,

rz\/x2 +y? =\/22 +32 =449 =13
Now that we know x, y, and r, we can find the six
trigonometric functions of 8.

ingot_ 3 3 13 33

roN13 V13 Vi3 13
cos¢9=£= 2 = 2 -JE:Z\/E
roJ13 V13 V13013

tan49=l=E
x 2
r 13
cscl=—=——
y 3
r 13
secld=—=——
X 2
cot6=£=g
y 3

We need values for x, y, and r, Because
P =(3,7) is a point on the terminal side of
6, x=3 and y =7 . Furthermore,

reyxl+y? =32 4+7% =\0+49 =/58

Now that we know x, y, and r, we can find the six
trigonometric functions of 6.

ingod_ 1 _ 1 58 7458
r /58 /58 58 58
cos¢9=£= 3 = 3 -\/§=3\/§
roJ58 58 58 58

tan49=l=Z
x 3
r 58
cscl=—=——
y 7
r 58
secl=—=——
X 3
cot6=£=é
y 7

Section 4.4 Trigonometric Functions of Any Angle

We need values for x, y, and . Because P = (3, -3) is
a point on the terminal side of &, x=3 and y=-3.

Furthermore, r = \/x2 + y2 = \/32 +(=3)? =/9+9
=18 =312

Now that we know x, y, and r, we can find the six
trigonometric functions of 6.

y =3 _—I.ﬁ:_ﬂ

sinf=—=——=——-—

ro 342 2 2 2

x 3 1 2 2
cosf=—=—=——=—

ro3x2 242 2
tanﬁzl:_—?’:—l

x 3
cscﬁzlzﬂz—\/z

y 3
sec&=1=£=\/§

x
cotf=2=" =]

y -

We need values for x, y, and r, Because P = (5, -5) is
a point on the terminal side of 8, x=5and y=-5.
Furthermore,

r=yx?+y% =5+ (=5)> =/25+25 =/50
=52

Now that we know x, y, and r, we can find the six
trigonometric functions of 6.

. y =5 -1 2 2

sinf=-=——=—-—=——

rosf2 V2420 2

x5 1 42 42
cosf=—=—==—=-—==—

roo5J2 2 42 2
tan@=2="=_]

x 5
cscﬁzlzﬂz—\/z

y =5
SCCQ=L=£=\/§

X 5
cotﬁzﬁzi:—l

y -
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Chapter 4 Trigonometric Functions

7. We need values for x, y, and r. Because P = (-2, -5) 10. @ = radians
is a point on the terminal side of The terminal side of the angle is on the negative x-axis.
6, x=-2 and y =-5. Furthermore, Select the point P = (-1, 0): x=-1,y=0, r=1
e \/xg ) = \/ (<22 +(=5) = J4+25 =29 No Apply the def(l)mtlon of the tangent function.
w that we know x, y, and r, we can find the six tanz = RAS —1 =0
trigonometric functions of 6. o7
] y -5 -5 /29 529 11. &= radians
sin@ = P /20 = /29 : 20 DY The terminal side of the angle is on the negative x-axis.

Select the point P = (-1,0): x=-1, y=0, r =1 Apply

2 2 J29 229

cosf = X = . - the definition of the secant function.

ro 29 29 29 29 roo1

5 5 secr=—=—=-1

tan @ = l = —2 = E X -1

x -

12. @ =r radians

csch = r_y 29 -_N 29 The terminal side of the angle is on the negative x-axis.

y =5 5 Select the point P = (-1, 0): x=-1,y=0, r=1

P 29 29 Apply the definition of the cosecant function.

secd=—=——=———

x =2 2 cser=_ = l, undefined

x 2 2 y 0
cotg=—=—=—

y -

13. 6= 3z radians
8.  We need values for x, y, and r, Because P = (-1, -3) 2 . . . .
is a point on the terminal side of The terminal side of the angle is on the negative

y-axis. Select the point P = (0, -1):

6, x=-1and y =-3. Furthermore, .
x=0, y=-1, r =1 Apply the definition of the

r=yxl 437 =D +(3)2 =149 =410

tangent function. tan>% =¥ = 1 undefined

Now that we know x, y, and r, we can find the six angent function. anT T F’ undetine
trigonometric functions of 6.
sing=2 = -3 _ 3 .\/E=_3\/E 14. (9:37” radians

r 10 o 1o 10 The terminal side of the angle is on the negative y-axis.

x -1 -1 \/E \/E Select the point P = (0, -1): x=0,y=-1, r=1
cosf=—= = . =—

r 10 Y10 V10 10 Apply the definition of the cosine function.

- 3z 0

tanﬁzl:—S:S cos—:ﬁz—:

x -1 2 r 1

r 10 10 .
csch=—=—r-=——— 15. 6 =— radians

y -3 3

r 10 The .terminal side of.the angle is on the positive
secf=—= - =10 y-axis. Select the point P = (0, 1):

o L x=0, y=1, r=1 Apply the definition of the
cotf=2=""=— . T x 0

y =3 3 cotangent function. COtE =—= T =0

y

9. 0=r radians T
The terminal side of the angle is on the negative 16. 6= P radians
x-axis. Select the point P = (-1, 0):

- The terminal side of the angle is on the positive
x=-1, y=0, r =1 Apply the definition of the

. ) y-axis. Select the point P = (0, 1): x=0,y=1,r=1
cosine function. Apply the definition of the tangent function.

x -1
cosr=—=—=-1 T_)y

r 1 tan—=-—= l , undefined
2 x 0
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17.

18.

19.

20.

21.

22,

Because sind >0, € cannot lie in quadrant III or

quadrant I'V; the sine function is negative in those
quadrants. Thus, with sin@ > 0, @ lies in quadrant I

or quadrant II. We are also given that cos@ > 0.
Because quadrant I is the only quadrant in which the
cosine is positive and sine is positive, we conclude
that @ lies in quadrant I.

Because sin@ <0, € cannot lie in quadrant I or

quadrant II; the sine function is positive in those two
quadrants. Thus, with sin@ <0, @ lies in quadrant III

or quadrant IV. We are also given that cos & > 0.
Because quadrant IV is the only quadrant in which
the cosine is positive and the sine is negative, we
conclude that @ lies in quadrant IV.

Because sin@ <0, € cannot lie in quadrant I or

quadrant II; the sine function is positive in those two
quadrants. Thus, with sin@ <0, @ lies in quadrant
IIT or quadrant IV. We are also given that cos@ <0 .
Because quadrant III is the only quadrant in which
the cosine is positive and the sine is negative, we
conclude that @ lies in quadrant III.

Because tan 8 <0, @ cannot lie in quadrant I or

quadrant IIT; the tangent function is positive in those
two quadrants. Thus, with tan8 <0, 8 lies in
quadrant IT or quadrant IV. We are also given that
sin@ < 0 . Because quadrant IV is the only quadrant
in which the sine is negative and the tangent is
negative, we conclude that @ lies in quadrant IV.

Because tan 8 <0, € cannot lie in quadrant I or

quadrant IIT; the tangent function is positive in those
quadrants. Thus, with tan 8 <0, @ lies in quadrant II

or quadrant IV. We are also given that cos8 < 0.
Because quadrant II is the only quadrant in which the
cosine is negative and the tangent is negative, we
conclude that @ lies in quadrant II.

Because coté >0, € cannot lie in quadrant II or

quadrant I'V; the cotangent function is negative in
those two quadrants. Thus, with cot8 >0, 8 lies in

quadrant I or quadrant III. We are also given that
secd < 0. Because quadrant III is the only quadrant
in which the secant is negative and the cotangent is
positive, we conclude that @ lies in quadrant III.

23.

24,

Section 4.4 Trigonometric Functions of Any Angle

In quadrant III x is negative and y is negative. Thus,

cosﬂ:—% =§=_?3 , x ==3, r=5. Furthermore,
2= x4yl
5 =(=3)+)’
y?=25-9=16
y=—16=—4

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 8.

sin@zlz_—“z—i
r 5 5
tan6’=l=j=i
x =3 3
cscezlziz—i
y —4
sec€=i=i=—é
x =3
c0t¢9=£=_—3=E
y 4 4

In quadrant II1, x is negative and y is negative. Thus,

sing=—2-2 12 5,13,
13 r 13
Furthermore,
2 +y2 — 2

X +(-12)? =13°
x> =169-144=25

x=—/25=-5
Now that we know x, y, and r, we can find the
remaining trigonometric functions of 8.

cosﬁzﬁz_—sz—i
r 13 13
talnﬁ’:l:_—lz:2
x =5 5
csc¢9=L=£=—E
y -12 12
sec€=i=£=—E
x =5 5
c0t¢9=£=_—Szi
y -12 12
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Chapter 4 Trigonometric Functions

25. In quadrant II x is negative and y is positive. Thus,

sin9=i:l, y =35, r =13. Furthermore,
13 r

2 +y2 =2

X +57 =13

x2=169-25=144

x=—/144 =-12
Now that we know x, y, and r, we can find the
remaining trigonometric functions of 6.

x -12 12
cosf=—=—-=——

r 13 13
tanﬁ:l:i—_i

x —12 12
csc&=£=E

y 5
sect9=£=£——E

x -12 12
cot6=£=_—12=—£

y 5 5

26. In quadrant IV, x is positive and y is negative. Thus,

cosﬁz%:ﬁ, x =4, r =5 . Furthermore,
r
x2+y2:r2
42+y2=52
y> =25-16=9
y=-— 9=-3

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 6.

sin6’=l=_—3=—i
r 5 5
'[ant9=l=_—3=—E
x 4 4
cscﬂ=1=i=—§
y -3 3
sec¢9=in
x 4
cot6=£=i=——
y =3 3

27.

28.

Because 270° < 8 <360°, @ is in quadrant IV. In
quadrant I'V x is positive and y is negative. Thus,
cos€:£=£,x= 8,

r
r = 17. Furthermore

x2+y2 _ 2
87 +y*=17"
y? =289—64 =225
y=—/225=-15

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 8.

sin¢9=l=_—15=—£
ro 17 17
tant?zlz_—lsz—E
X 8 8
cs06=L=i=—£
y -15 15
S609=L=1—7
x 8
cot6=£—i=—i
y -15 15

Because 270° < 8 <360°, @ is in quadrant IV. In
quadrant IV, x is positive and y is negative. Thus,

1
cos9=§:£, x =1, r =3. Furthermore,
r
52 +y2 _ 2
12 +y2 _32
y?=9-1=8

y=—/8=-22
Now that we know x, y, and r, we can find the
remaining trigonometric functions of 6.

sinﬁ:l:ﬂ:_Z\/E

r 3 3
tanﬁ:l:ﬂ:_zﬁ

X 1

r3 3 V2 32
cscfl=—=———=—— . " —_

y 22 22 2 4
se09=i=§=

X

x 1 1 2 2
cotf=—=— —=—— .~ —_ 7

y 22 22 2 4
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29.

30.

Because the tangent is negative and the sine is
positive, @ lies in quadrant II. In quadrant II, x is
negative and y is positive. Thus,

2 2
tanf=——= B —, x=-3, y =2. Furthermore,

3 x 3

reyl4y? =032 +2% =\0+4 =13

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 8.

2 2 13 213

- y
sinfd === = . =

ro 13 V13 V1313
-3 3 J13 313

X
cosf=—

NN ERN TR E

r 13
cscl=—=——

y 2

r 13 13
secld=—=—-=——

x =3 3
c0t¢9=£=—3=—E

y 2 2

Because the tangent is negative and the sine is
positive, @ lies in quadrant II. In quadrant I, x is
negative and y is positive. Thus,
1 1
tan @ = —=2 —, vy =1, x=-3. Furthermore,
3 x 3
r=yx? 432 = (32 +12 =\0+1 =410
Now that we know x, y, and r, we can find the
remaining trigonometric functions of 6.

y 1 1 10 4o

sinfd === = . =

ro V10 V1o Jio 10
cosgo o 3 _ 3 10 310

roN10 V1o Vioo 10
cscﬁzlzﬂzx/m

y 1

r_J10 10
secl=—=—-=—"—

x 3 3
cot6=£=_—3=—3

y 1

31.

32.

Section 4.4 Trigonometric Functions of Any Angle

Because the tangent is positive and the cosine is

negative, @ lies in quadrant III. In quadrant III, x is

negative and y is negative. Thus, tan @ = %:l = _—: ,
x -

x =-3, y = —4. Furthermore,

r=yx? 4% = (32 +(—4)? =0+16
=25=5

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 6.

sinﬁ’:l:j:—i
r 5 5
(:0519222_—32—é
r 5 5
cs06=1=i=—§
y -4 4
se09=i=i=—§
x -3 3
cot¢9=£=_—3=E
y 4 4

Because the tangent is positive and the cosine is
negative, @ lies in quadrant III. In quadrant III, x is
negative and y is negative. Thus,

tan & :i=l :_—5, x=-12, y=-5. Furthermore,
12 x -12
= 437 =(c12)2 +(=5)2 =144+ 25
=169 =13

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 8.

sin¢9=l=_—5=—i
r 13 13
(:ost9=£=_—12=—2
r 13 13
cs06=L=£=—E
y =5 5
sec(9=£=£——E
x -12 12
y -5 5
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33.

34.

516

Because the secant is negative and the tangent is
positive, @ lies in quadrant III. In quadrant III, x is
negative and y is negative. Thus,

r 3

secd =-3 =—=—1, x=-1, r =3 . Furthermore,
x -
x2 +y2 =r2
(_1)2+y2 :32
y2 =9-1=8

y=—/8=-22
Now that we know x, y, and r, we can find the
remaining trigonometric functions of 8.

ingo o222 __ 22

r 3 3
cost9=£=_—1=—l

r 3 3
tan9=l=ﬂ=2\/§

X -1

3 3 2 32

cscf=—=—"—=—"+ . — =" —

-1 1 V2 2

cotld =— —

y :%:ﬁ.ﬁz 4

Because the cosecant is negative and the tangent is
positive, @ lies in quadrant III. In quadrant II1, x is
negative and y is negative. Thus,

=

cscld=—4 :L:il, y =—1, r =4 . Furthermore,
y -
x2+y2 _ 2
(=) =47
x*=16-1=15

x=—/15

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 6.

s1nt9=l=_—1=—l
r 4 4
x 15 15
cosf=—=——=—
r 4 4
wngoto ~L _ 1 15 _Ji5
x =15 15 i5 15
o4 4 15 4is
secd=—= =— . =—
x =15 15 15 15
cot&zﬁzﬁzﬁ

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

Because 160° lies between 90° and 180°, it is in
quadrant II. The reference angle is
6 =180°—-160°=20°.

Because 170° lies between 90° and 180°, it is in
quadrant II. The reference angle is
6 =180°-170°=10°.

Because 205° lies between 180° and 270°, it is in
quadrant III. The reference angle is
6’ =205°-180°=25°.

Because 210° lies between 180° and 270°, it is in
quadrant III. The reference angle is
6 =210°-180°=30°.

Because 355° lies between 270° and 360°, it is in
quadrant I'V. The reference angle is
6 =360°-355°=5°.

Because 351° lies between 270° and 360°, it is in
quadrant I'V. The reference angle is
6 =360°-351°=9°.

Because 7—” lies between 3—” = % and 27 = 87” R

it is in quadrant IV. The reference angle is
r _8r Ir _ &

0 =2r——=— .
4 4 4 4
Because 5—” lies between 7 = 4—7[ and 377[ = %[ , it
is in quadrant III. The reference angle is
5T _, 5m _4r_z
4 4 4 4

Because 5—” lies between z_ 3—7[ and 7= 6—”, it
6 2 6 6

is in quadrant II. The reference angle is
5t _6m St _ 7w

@=g-222 22 2
6 6 6 6

Because 5—” = 10—” lies between r_ 7—7[ and
7 14 2 14

14 . . . .
= l—f , it is in quadrant II. The reference angle is

, S _Ir 5Sx 2w
6 =T ==,
7 707 7
—150°+360°=210°
Because the angle is in quadrant III, the reference
angle is " =210°-180°=30°.

Copyright © 2014 Pearson Education, Inc



46.

47.

48.

49.

50.

51.

52.

53.

54.

5S.

56.

-250°+360° =110°
Because the angle is in quadrant II, the reference
angle is 8 =180°-110°=70°.

—335°+360° = 25°
Because the angle is in quadrant I, the reference
angle is 8" =25°.

-359°+360°=1°
Because the angle is in quadrant I, the reference
angleis 8’ =1°.

Because 4.7 lies between 7 = 3.14 and 37” =471,it

is in quadrant III. The reference angle is
0'=47-71=156.

Because 5.5 lies between 377[ =471 and 27 = 6.28,

it is in quadrant I'V. The reference angle is
0 =2r-55~=0.78.

565°—-360° = 205°
Because the angle is in quadrant III, the reference
angle is 8" =205°-180° =25°.

553°-360°=193°
Because the angle is in quadrant III, the reference
angle is 8 =193°-180°=13°.

177 177 12m  5x
— 2T ==
6 6 6 6
Because the angle is in quadrant II, the reference
angle is &’ =7t—5—” =z
6 6
117z 1z 87 3x
—-2r=———=—
4 4 4 4
Because the angle is in quadrant II, the reference
angle is &’ =ﬂ'—3—7[ =z
4 4
237 23 16 Iz
——dr=——=—
4 4 4 4
Because the angle is in quadrant IV, the reference
angle is 8’ = 271'—7—” =2
4 4
177 177 12%  5x
— A==
3 3 3 3
Because the angle is in quadrant IV, the reference
angle is "= 271'—5—7[ =z
3 3

57.

58.

59.

60.

61.

62.

63.

Section 4.4 Trigonometric Functions of Any Angle

117z 11z 167 5«
—— 4=t —=—
4 4 4 4
Because the angle is in quadrant III, the reference
angle is &’ =5—7[—ﬂ' =z
4 4
177 17 24 Iz
—— A=t — =
6 6 6
Because the angle is in quadrant III, the reference
oo
angle is 6 S
6 6

25z 6 _ 25z 36z _llw

6 6 6 6
Because the angle is in quadrant IV, the reference
angle is "= 271'—M -z

6 6
137 13z 187 Srx

— o=t —=—

3 3 3 3
Because the angle is in quadrant IV, the reference

angle is 6'=27r—5?7[=§.

225° lies in quadrant III. The reference angle is
6 =225°-180°=45°.

V2

cos45°=—
2

Because the cosine is negative in quadrant II1,

V2

€08 225°=—cos45°= —7 .

300° lies in quadrant I'V. The reference angle is
6’ =360°-300°=60°.

3

sin 60° = —
2

Because the sine is negative in quadrant I'V,

sin 300° = —sin 60° = —g .

210° lies in quadrant III. The reference angle is
6 =210°-180°=30°.

V3

tan30° =—
3

Because the tangent is positive in quadrant III,

3

tan 210°=tan 30° = T .

Copyright © 2014 Pearson Education, Inc. 517
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64.

65.

66.

67.

68.

69.

518

240° lies in quadrant III. The reference angle is

6 = 240°—180° = 60° . 70.

sec60° =2
Because the secant is negative in quadrant III,
sec240° =—sec60°—-2.

420° lies in quadrant I. The reference angle is
6’ =420°-360°=60° .

tan 60° = /3
Because the tangent is positive in quadrant I,
tan 420°= tan 60°=+/3 .

71.
405° lies in quadrant I. The reference angle is
6’ =405°-360°=45°.
tan45°=1
Because the tangent is positive in quadrant I,
tan405° =tan45°=1.
2r . . :
Y lies in quadrant II. The reference angle is
gog 2E 37 2 _z
33 3 37 72.
LT 3
sin—=—
32
Because the sine is positive in quadrant II,
.27 . 3
sin—=sin—=—.
3 32
I 73.
” lies in quadrant II. The reference angle is
, 3z _4r 3w &
9 ===,
4 4 4 4
2
COoS—=——

4 2
Because the cosine is negative in quadrant II,

z__\2 74.

3
COS—=—COS— = ——— .
4 4 2

7?” lies in quadrant III. The reference angle is
, I Tt 6r «
O=—-r=—"—=—.
6 6 6 6
csel=2
6

Because the cosecant is negative in quadrant III,

T T
csc—=—csc—=—-2.
6 6

% lies in quadrant IV. The reference angle is

9’=27z-_7_7[=8_7[_7_”=£.
4 4 4 4

V4
cot—=1
4
Because the cotangent is negative in quadrant IV,

r T
cot—=—cot—=-1.
4 4

977[ lies in quadrant I. The reference angle is

V4
tan—=1
4
Because the tangent is positive in quadrant I,

4 T
tan—=tan— =1
4 4

or . . . .
X lies on the positive y-axis. The reference angle is

T . . o .
Because tanz is undefined, tanT is also

undefined.

—240° lies in quadrant II. The reference angle is
6’ =240°-180°=60°.

3

sin 60° = —
2

Because the sine is positive in quadrant II,

NG

sin(—240°)=sin 60°:7 .

—225° lies in quadrant II. The reference angle is
6’ =225°-180° =45°.

2

sin45°=—
2

Because the sine is positive in quadrant II,

2

sin(—225°) =sin45° = T .
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75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

—% lies in quadrant IV. The reference angle is

g==.
4

tanzzl
4

Because the tangent is negative in quadrant IV,

T T
tan| —— |=—tan—=-1
ST

—% lies in quadrant I'V. The reference angle is

7 _3
n—=—

¢9=£. tal
6 6 3

Because the tangent is negative in quadrant IV,

mn[_gjz_ﬁ

3
sec495° =sec135° = —\/5

23
3

sec510° =secl150°=—
197 I

cot——=cot— = \/g
6 6

137 .4 \/5
— =cot—=—
3 3

89.

90.

87.

88.

Section 4.4 Trigonometric Functions of Any Angle

. T . 3r
SIN —COS /T —COS—S1In —
3 3 2

(23

. T . T
sin—cos 0 —sin—cos 7z
4 6

(23
21
-T2
J2+1
2

Y4 Y4 11z . 57
SIn —— COS—— + COS——SIn —
4 6 4

(B2

. 1Tx kY4 170 . 5x
smTcosT+cos—sm—

28

Copyright © 2014 Pearson Education, Inc.
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r iy T
93. —+—= |+ f|—=— |+ f|=
58 (5[5
(4 7 4 .o«
=sin| —+— |+sin— +sin—
3 6 6
. 3r . 4An . &
=sin—+sin— +sin—
2 3 6
=(—1) £_£]+(lj
2 2

\/§+1

2

94 5—7[+£+5—7[+£
8% 76 ) 6 ) 8

St & Y4 .4
=coS| —+— |+cos—+Ccos—
6 6 6 6

kY4 T
= COSZT+COS— +CcOS—
6 6

{44

=-1

520

s s S

< oft)f 1)

-2
97. The average rate of change is the slope of the line
through the points (x;, (x;)) and (x,, f(x,))
_ S = f(x)
m=22l A

X =X
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98. The average rate of change is the slope of the line
through the points (x;,g(x,)) and (x,,g(x,))
m= 8(x)—g(x)

X=X

cos(ﬂ)—cos(sf)

2224

T

99. sinf= N2 when the reference angle is % and @ is

in quadrants I or II.

Ql Qu
== o=n-=
4
_3r
4
g7 37
44

100. cosé =% when the reference angle is Z and 6 isin

quadrants [ or I'V.

ol Qv
o== o=2m-=
3 3
_5m
3
9=~ 37
33

101.

102.

103.

104.

Section 4.4 Trigonometric Functions of Any Angle

sinf = —72 when the reference angle is % and

@ is in quadrants IIT or I'V.

QuI Qv
o=n+= o=21-=
4
_sz _1r
4 4
p_ 57 1%
4 4

cos @ = —% when the reference angle is % and @ is

in quadrants II or III.

Qi QI
o=r-= o=rm+2
_2z _iz
3 3
p 2T AT

33

tan @ = —\/g when the reference angle is % and

@ is in quadrants II or I'V.

Qu Qv
o=r-= o=21-2
3
2 _sz
3 3
p_ 2% 5T
33
3 . T
tan @ = ey when the reference angle is 3 and

@ is in quadrants II or I'V.

Qn Qv
_st _lr
6 6
g7 1ix
6 6

105.-109. Answers may vary.
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110. does not make sense; Explanations will vary. Mid-Chapter 4 Check Point
Sample explanation: Sine is defined for all values of
the angle. L 10°=10° 7 radians _ 107z radians
180° 180

111. does not make sense; Explanations will vary. .
Sample explanation: Sine and cosecant have the =— radians
same sign within any quadrant because they are 18

reciprocals of each other.
7 radians _ 1057

112. does not make sense; Explanations will vary. 2. —1057=-105% 180° 180 radians
Sample explanation: It is also possible that y = -3 T
= ——— radians
and x=-5.
113. makes sense . 0
3 Sm radians = 57 radians 180 _ 750
12 12 7 radians

114. y= %cos(4x +7)

137 radians 180°

137z .
T x T\ 4. ——= radians =-— :
a7 s 20 20 7 radians
4| 8 8 | 4 )
1 1 1 =-117
5. a 11—”—2 _lrz _6r 5z
2 3 3 3 3
115. y:4sin(2x——”j
3 b Y
I
x 2 7_” 5_” 13_” 4_” 1+
3112 | 6 12 3 3 :
y| 0] 4 0| -4 0 {c ~
N
\
116. y=3sin%x
kY4
c¢. Since — isin quadrant IV, the reference angle
x|0 % 1 % 2 % 3 1_31 4 i 3 in qu o
. Sk 6w St 0«
0 3 3 3 0 3 -3 _3 0 is ZE_T:?_TZE
g 2 2 2 2
197 197 24n 5«
6. a. ——+6br=—"—"+—=—
5 3 ; 2
y ]3’2
TTT1
(1 3) A4 b 4 -
e A S
3’2 (4, 0) -
@, 0] A -
9 (%1(}, L 11 3 » T
3,=3) ML _2
]ul/l|(\’\u) 3° 2) - A

c. Since %r is in quadrant III, the reference angle

S¢St 4Am 7w

is m—g="m 2T o

4 4 4 4
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a. 510°-360°=150°

b. YA

N

c. Since 150° is in quadrant II, the reference
angle is 180°—150° =30°

x* y
__ __ } 16 }
25 25

Now that we know X, y, and r, we can find the six
trigonometric functions of 8.

_4
sin¢9=l=—5=—i
r 1 5

_3
(:0519——2—52—é
r 1 5

_4
5 4
tanf=—=——=—
an 373

5
csc&——=L=—§
y _4 4

5
1 5
secl=—=—=——
x 3 3

5

_3
c0t¢9=£=—5=E
y 4

(VRN

Mid-Chapter Check Point

Use the Pythagorean theorem to find b.

a*+b*=c2
57 +b* =6
25+b* =36
b* =11
b=+11
Gin@= opposite _ 5

hypotenuse 6

adjacent Vit
hypotenuse 6

0pp051te 5\/_
adjacent 11

cosf =

tan @ =

csch= hypotenuse _ 6

opposite 5

secf = hypotenuse _ 6 _ 611

adjacent Ji1 11

r=y3+(2% =014 =13

Now that we know x, y, and r, we can find the six
trigonometric functions of 8.

. y 2 2413
sinf=-=—=———
r 13 13
cosd = —L—S\/E
Ji3 13
tant9=l=_—2=—g
x 3 3
r 13 13
cscl=—=—-=—"—
y 2 2
r 13
secl=—=——
X 3
cot¢9=£=i=—é
y =2 2
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11.

12.

524

Because the tangent is negative and the cosine is
negative, @ is in quadrant II. In quadrant II, x is

negative and y is positive. Thus,

tan @ = —izﬁ, x =-4, y =3. Furthermore,

r2 =x2+y2
r?=(=3)" +47
r’=9+16=25
r=35

Now that we know x, y, and r, we can find the
remaining trigonometric functions of 6.

sin¢9=l=i
r 5
(:ost9=£=_4=—i
r 5
cs06=L=§
y 3
sechlziz—i
x -3
cot6=£=_—3=——
y 4 3
Since cos9=%:£, x =3, r=7 . Furthermore,
r
x2+y2:r2
32+y2=72
9+y2 =49
y> =40

y =140 = 42410

Because the cosine is positive and the sine is
negative, @ isin quadrant IV. In quadrant IV, x is

positive and y is negative.
Therefore y = —2\/5

Use x, y, and r to find the remaining trigonometric
functions of 4.

y _=2J10 _ 2J10

sinf === =

r 7 7

X 3 3

r 7 7410
cscfd=—= =——

y 2410 20
secﬁ=£=l

X

X 3 3410
cotfd=—= =——

y -2410 20

13.

14.

15.

16.

17.

18.

19.

20.

__ side opposite &

tan @ = — -
side adjacent &
tand1°=-L
60
a=60tan41°
a=52cm
086 = side adjacent 8
hypotenuse
2
cos72° = 20
c
250
Cc=
cos72°
c=809 m
. 1 x
Since cos@ = €=_’ x =1, r =6. Furthermore,
r
Pryr=r2
124y =62
1+y? =36
y* =35

y=+35

Since @ is acute, y = +\/§ = \/g

cot(%—ﬁ =tan9=l=§=\/§

X

tan30° =

ﬁ
3

cot1200=— 1+ -t 1 _ N3
tan120° —tan60° —/3 3

c0s240° = —cos 60° = _%

Ur_ 11

1
6 1ir E NEEE
2

sec
COS—— COS—
6

. T T
sin” 7+cos2 —=1
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21. sin(—z—”j = sin(—z—”+ 27[)
3 3

2
22. csc 22—” =csc 22—”—671’ :csc4—ﬂ-
3 3 3
1 1 1
sin— —sm” _ﬁ

23, c0s495° = cos(495°-360°) = cos135°

V2

=—cos45°=——

24. tan —17—7[ = tan —17—”+4ﬂ' =tan7—”
6 6 6

T
=tan—=—
6 3

25. sinZ%—COSﬂ':(l)2 —(-D=1+1=2

26. cos [5?” + 27rnj +tan (5?” + nﬂj

kY4 Y4 T .4
=CcoS—+tan— =—cos——tan—
6 6 6

_ 3 B w3 23

2 3 6 6
53

6

27. Begin by converting from degrees to radians.

360 = 360 Fradians _ 7 dians
180° 5

s =r9=40%=87z: 25.13 cm

Copyright © 2014 Pearson Education, Inc.

Section 4.5 Graphs of Sine and CosineFunctions

28. Linear speed is given by v = r@. It is given that
r =10 feet and the merry-go-round rotates at 8
revolutions per minute. Convert 8 revolutions per
minute to radians per minute.

8 revolutions per minute
. . 27 radians
= 8 revolutions per minute - —————

1 revolution

=167 radians per minute

v=rw=10)16r)=1607z =502.7 feet per minute

The linear speed of the horse is about 502.7 feet per
minute.

29, sing= side opposite 6

hypotenuse
h

Sin6° = ——

5280
h =5280sin 6°
h=551.9 feet

30, tand= side opposite 8

side adjacent 6

tan @ = ﬂ
60

6 =tan"! (ﬂ)
60

6 = 40°

Section 4.5
Checkpoint Exercises

1. The equation y =3sinx is of the form
y = Asin x with A = 3. Thus, the amplitude is
|A| = |3| =3 The period for both y =3sin x and
y=sinx is 2z. We find the three x—intercepts, the

maximum point, and the minimum point on the
interval [0,27] by dividing the period, 27, by 4,

iod 2 . .
P er;o = Tﬁ = % , then by adding quarter-periods to

generate x-values for each of the key points.

525
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526

The five x-values are

x=0
x=0-i—£=Z
2 2
T T
x==+=—=rx
2 2
7T 3
X=m+—="=
2 2
=3—”+£=2ﬂ'
2 2
Evaluate the function at each value of x.
x |y=3sinx coordinates
0 |y=3sin0=3.0=0 | (0,0
T . T
= =3sin—=3-1=3 =, 3
2 2 (2 )
T |y=3sinx=3-0=0 (7, 0)
3z y=3sin3—” 3_”,_3
2 2 2
=3(-1)=-3
2n |y =3sin27=3-0=0 (2r,0)

Connect the five points with a smooth curve and
graph one complete cycle of the given function with
the graph of y =sinx.

N

/
/ = 3 sinx

T

NN

I 1

0.0 YN @ 0)
] .
|

The equation y = —%Sin x is of the form y = Asinx

with A= —% . Thus, the amplitude is

1
al-F2

:% . The period for both y = —%sin X
and y=sinx is 2.

Find the x—values for the five key points by dividing

the period, 27, by 4, period = 2—” -z , then by
4 4 2
adding quarter- periods. The five x-values are

x=0

x—0+£=£
2 2
T T
X=—+—=rx
2 2
7T 3
X=r+=—="=
2 2
x=3—ﬂ-+£=2ﬂ'
2 2
Evaluate the function at each value of x.
X y:_Esin X coordinates
1 .
0 |y=-=sin0 (0, 0)
2
- Lo-o
2
T 1 1
— |y=——sin— =, =
2 2 2 2
1,1
2 2
1 .
T y=—Esm7r (, 0)
- Lo-o
2
RY/4 1.3 37 1
— |y=——sin— =, =
2 2 2 2 2
1 1
= —— —1 = —
2( ) 2
1 .
2 y=—5s1n275 (2rx, 0)
=_ln=o
2
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Connect the five key points with a smooth curve and
graph one complete cycle of the given function with
the graph of y =sin x. Extend the pattern of each

graph to the left and right as desired.

[
(7, 0) T
pz = (27, 0)
A x
,0 2N 1 gne
) Yo 2
=D I

. 1
The equation y = 2s1n3x is of the form

y =Asin Bx with A =2 and B:%.

The amplitude is | A |=| 2 |=2.

The period is 2z = 2z =4r
51
Find the x—values for the five key points by dividing
. iod 4
the period, 47, by 4, penod _ T” =7, then by

adding quarter-periods.
The five x-values are
x=0

x=0+7m=rx
xX=rm+r=2rx
x=2r+nr=31w

x=3r+rw=4r
Evaluate the function at each value of x.

x y=2sin% X coordinates
(1
0 yzZsm(—-O) (0.0)
2
=2sin0
=2.0=0
(1
T yzZsm(—-/rj (7, 2)
2
=2sinZ=2.1=2
2
(1
2r yzZsm[E-Z/rj (27, 0)
=2sinz=2-0=0

Section 4.5 Graphs of Sine and CosineFunctions

37 |y=2sin (%-3;:) (37, -2)
=ZSin3—7[
=2-(-1)=-2

4z |y =2sin (%-4;;) (4r, 0)
=2sin27x=2-0=0

Connect the five key points with a smooth curve and
graph one complete cycle of the given function. Extend
the pattern of the graph another full period to the right.

GE 2
(0,0 87
_Ig,b. X
27,0 \/ \/
o Y
=P | B, —2)
=2 sinlx
y = 2

The equation y =3sin (2x —%) is of the form

y=Asin(Bx—C) withA =3, B=2, and C:% . The

amplitude is | A |=] 3 |=3.

The period is 2z = 2z =7
B 2
T
The phase shift is < =3 :l.l :l_
B 2 32 6
Find the x-values for the five key points by dividing the

period, 7, by 4, pezod = % , then by adding quarter-

periods to the value of x where the cycle begins, x :% .

The five x-values are

3
xX=—
6
s T _27 dn_Sn
6 4 12 12 12
_Sm,m 5t dn_8r_ 2z
12 4 12 12 12 3
x_2_7z r _8r 3z _llx

304 12 12 12
_lr x_llx 3n_lir_Ir
12 4 12 12 12 6
Evaluate the function at each value of x.
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X y=3sin(2x—£) coordinates
3
T T T T
— =3sin| 2-——— —,0
6 | ( 6 3) (6 )
=3sin0=3-0=0
5 Sk & b4
— |y=3sin| 2-——— —.,3
2 Y 1( 12 3) (12 )
=3sin3—”=3sin£
6 2
=3.1=3
2 2r 7@ 2
— |y=3sin|2-—-— — 0
37 ( 3) (3 )
=3sin3—”=3sin7r
=3.0=0
117 1l =« 11z
—Q |y=3sin|2-——— ||| —, -3
12 7 ( 12 3) (12 j
:3sin—:3sin3—”
2
=3(—1)=—3
r T r
— |y=3sin| 2-——-— —,0
6 |7 ( 6 3) [6 )
=3sin%”=3sin27z
=3-0=0

Connect the five key points with a smooth curve

and graph one complete cycle of the given graph.

¥ (1;’3> 3

. 7
(oA (e
/I I\
S EINT B x
A 2
5 o Mo
12

y=3sin<2x— %)

5.  The equation y =—4cosxzx is of the form
y=AcosBx with A=—4,and B=r.
Thus, the amplitude is | A |=| -4 |=4.

2

The period is 2z =—=2.
B

Find the x-values for the five key points by dividing
the period, 2, by 4, g‘i()d = % = % , then by adding
quarter periods to the value of x where the cycle
begins. The five x-values are

x=0
x=0+l=l
2 2
x=l+l=l
2 2
x=1+l=é
2 2
3 1
X=—+—=
2 2
Evaluate the function at each value of x.
x |y=-4coszx coordinates
0 |y=—4cos(z-0) 0,-4)
=—4cos0=—4
1 1 1
— =—4cos| 7-— -, 0
2 | ( 2) (2 )
= —4cosZ =0
2
1 |y=—4cos(rz-1) (1,4)
=—4cosr=4
3 3 3
= =—4cos| 7 -— -, 0
2 | ( 2) (2 )
=—4cos3—7[=0
2 |y=—4cos(z-2) 2,4
=—4cos2w =—4

Connect the five key points with a smooth curve and
graph one complete cycle of the given function. Extend
the pattern of the graph another full period to the left.

"R

Y
S, 4)
D
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y= %cos(Zx +7)= %cos(Zx —(-m))

The equation is of the form y = Acos(Bx—C) with

A:%,B:Land C=-r.

Thus, the amplitude is | A |=‘ % ‘=%
The period is 2z = 2z =
B 2
The phase shift is < L
B 2 2
Find the x-values for the five key points by dividing
period 7

the period, 7, by 4, o then by adding
quarter-periods to the value of x where the cycle
V4
begins, x=——.
& 2

The five x-values are

T
xX=——
2
T T T
X=—14+—=——
2 4 4
x=-24+% -0
4 4
x=0+Z2=2%
4 4
T T T
x=—+===
4 4 2
Evaluate the function at each value of x.
3 .
x y=Ecos(2x+7r) coordinates
T 3 T 3
—— |y==cos(-w+7x = =
y YT ) (2’2)
3423
2 2
-z —icos Lir -Zo
4 777 2 4’
2
3 3
0 =—cos(0+7 0, -=
y=5 ( ) ( 2)
3423
2 2

Section 4.5 Graphs of Sine and CosineFunctions

z —écos Zix Zo
4 77 2 4’
_3.0=0
2
V.4 yzicos(ir+7r) l,é
B} 2 22
_3423
2 2

Connect the five key points with a smooth curve and
graph one complete cycle of the given graph.

= 3
y 272
w
\ [/ ’(T’())

A== oy
<_T’0> TENEERR T X
[
[

SE 3
-3

cos(2x + )

[~

y=

W [P

The graph of y =2cosx+1 is the graph of
y =2cosx shifted one unit upwards. The period for
both functions is 27 . The quarter-period is

%T” or % . The cycle begins at x = 0. Add quarter-

periods to generate x-values for the key points.
x=0

x—0+£=£
2 2

T
X=—+=—=r

2 2
T 3z
X=r+—=—
2 2
x=3—”+£=2

2 2
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Evaluate the function at each value of x. o 27
) months. The period is 12. Thus, 12=—
x |y=2cosx+1 coordinates B
12B =21
0 |y=2cos0+1 0, 3)
=2-1+1=3 = 2z =z
_ _ 12 6
y s T T The graph shows that the starting point of the cycle is
— |y=2cos—+1 =1 C
2 2 2 shifted from O to 3. The phase shift, — , is 3.
=2-0+1=1 B
C
T |y=2coszm+1 (z, -1 323
=2-(-D+1=-1 c
3=—
3 y:20053—”+1 3—”,1 6
2 2 2 T_c
—2.041=1 2
27 |y=2cos27+1 (2”’ 3) Substitute these values into y = Asin(Bx—C)+ D .
—2.141=3 The number of hours of daylight is modeled by
By connecting the points with a smooth curve, we y =2sin (Ex —gj +12.
obtain one period of the graph. 6 2
59 (e
y A2 Concept and Vocabulary Check 4.5
| /
0, 3) Tt 27,3
( ) ‘ / y 2, 3) | n 2_”
w P4 | | s B
ST X
5 (m, —1) 2. 3; 4x
y=2cosx+1
3. om0 5o X Rl 4
4 2 4

8. A, the amplitude, is the maximum value of y. The
graph shows that this maximum value is 4, Thus,

A =4 The period is %, and period = 2?” Thus, 4 > fisht; left
T 2r
Z_=2 2z
2 B 5. A =
nB=4r
B=4 6 l . 2_
Substitute these values into y = Asin Bx . 2703
The graph is modeled by y =4sin4x .
7. false
9. Because the hours of daylight ranges from a 8. true
minimum of 10 hours to a maximum of 14 hours, the :
curve oscillates about the middle value, 12 hours. 9. true
Thus, D = 12. The maximum number of hours is 2
hours above 12 hours. Thus, A = 2. The graph shows 10. true

that one complete cycle occurs in 12-0, or 12
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